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ABSTRACT 
 
 
This dissertation develops a multi-agent model for the route-choice behaviors of drivers in a 

transportation network. The multi-agent model is a learning model that reinterprets the iterative 
solution procedure employed by traditional equilibrium traffic assignment models in finding a solution 
into a day-to-day learning behavioral loop. An important aspect of the multi-agent model is its ability 
to preserve, albeit reinterpreted, the user equilibrium solution concept used in the traditional 
equilibrium traffic assignment models. 

A consequence of the multi-agent model is the theoretical framework that unifies the information 
assumptions used in traditional equilibrium and simulation-based traffic assignment models. 
Additionally, the multi-agent model is able to account for the non-stationary environment 
encountered by travelers in the transportation network in which previous models have failed to 
characterize. Furthermore, the multi-agent model can 1.) find solutions (Nash equilibrium) for well-
defined and ill-defined link performance functions almost surely, 2.) be solved by readily available 
learning algorithms from game theory and reinforcement learning, and 3.) can capture different 
segments of the population (heterogeneous population model). 

More importantly, when the multi-agent model, together with learning algorithms, is coupled with 
a microscopic traffic simulator to conduct a simulation-based dynamic traffic assignment, it is able to 
resolve the long-standing problem of convergence and stability in a microscopic simulation-based 
dynamic traffic assignment. 
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CHAPTER 1 
 

INTRODUCTION  
 
 
1.1 Motivation and background 
 
1.1.1 Social background 
 

Traditional equilibrium traffic assignment models assume that drivers receive complete and perfect 
information about the network conditions or that drivers judge incorrectly the least-cost path in the 
transportation network. However, interaction between each driver and their interaction with the 
Traffic Management Center (TMC) isn’t captured in these models. With the advancement of Intelligent 
Transportation Systems (ITS), new assumptions are being considered such as how drivers react to 
other driver’s decisions and with the information they receive from the TMC (i.e. whether it is assumed 
real-time as assumed in traditional equilibrium models, etc.). An important aspect in considering these 
is the cost and effectiveness of ITS technologies that can be incorporated into the transportation 
system. In traditional equilibrium traffic assignment models, the assumption is that these technologies 
are available all throughout the entire length of each link in the transportation network and that the 
information they provide is real-time. During the time this dissertation was written, incorporating ITS 
technologies all throughout the entire length of each link in the transportation network is possible but 
at a staggering cost while the technology to transmit, process and deliver traffic data to the TMC and 
to the drivers using the transportation network that meets the “real-time” criteria still hasn’t been 
discovered.  

ITS technologies allow the TMC to gather information produced and transmitted by the vehicles in 
the transportation network. Additionally, it allows drivers to be informed of the network conditions 
processed and transmitted by the TMC. However, ITS technologies are expensive and transmitted data 
has noise (i.e. delay, etc.), hence, needs to be strategically placed in the transportation network to 
maximize efficiency and minimize cost. This would allow for a more efficient use of the transportation 
network where on the one hand, it can reduce drivers’ frustrations caused by traffic congestion and 
on the other hand, it allows the TMC to gather transportation data to provide travel information 
“nowcasts” to the drivers. This interaction is an important characteristic of the transportation network 
that has been overlooked by traditional equilibrium traffic assignment models. If a model can capture 
driver-to-driver and driver-to-TMC interaction, it would be possible to study multiple ITS 
configurations in the transportation network which meets the efficiency and cost design criteria of a 
project. In chapter 6 of this dissertation, a multi-agent, simulation-based dynamic traffic assignment 
(DTA) model is developed as a first step towards this direction. In contrast, traditional equilibrium 
traffic assignment models always assumed existence of a TMC which provides information to drivers, 
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however, a model that doesn’t assume the existence of a TMC is also developed in this dissertation. 
This is useful in understanding the evolution of drivers’ route choice decisions in developing countries 
where a TMC and car navigation systems doesn’t exist yet.  

 
1.1.2 Engineering background 
 

A challenge faced by transport engineers is the mitigation of congestion in a transportation network. 
Due to the complexity of transportation systems, experience and intuition alone isn’t enough to 
conduct a quantitative evaluation of scenarios developed to address this problem. Mathematical 
models such as the ones developed by Beckmann et al. [1956] provides a way to conduct such an 
evaluation. However as an evaluation tool, these models are constantly improving to accommodate 
new technologies that can be incorporated in the transportation network. 

The earliest model which is still widely used for project evaluation is the Beckmann model 
[Beckmann et al., 1956]. It is a time-independent model that offers a good approximation in describing 
a “stationary limit” of the traffic flow pattern which would evolve if the duration of the peak period is 
infinite. However, there are many problems with the assumptions used in the Beckmann model such 
as, but not limited to, links being independent of each other, travel time being a non-decreasing 
function of flow and the model itself being time-independent which leads to a failure in describing 
congestion correctly. An obvious step in solving the model is by making it time-dependent. The 
network congestion is correctly described and link flows in large networks aren’t overestimated. 
However, the complexity of solving this problem grows nonlinearly with the selected time step. Hence, 
it is useful in solving small networks but too complex in solving large networks. 

A solution can be found in traffic simulation models wherein a realistic modeling of the flow 
propagation and driver-to-driver interaction can also be captured. Although there are a few types of 
traffic simulation models that exist, microscopic traffic simulation models are particularly useful in 
quantitative evaluation of a project due to i.) its discrete nature, ii.) the ease of adding additional 
information (i.e. origin, destination, route, departure time, etc.) to the data structure of the model 
and iii.) despite its simplistic nature [Nagel and Schreckenberg, 1992; Krauß, 1997], its ability to 
reproduce the fundamental properties of traffic flow. Moreover, using an iterated microscopic traffic 
simulation to conduct traffic assignment (simulation-based dynamic traffic assignment) captures the 
day-to-day and within-day dynamics, queueing and congestion patterns producing a realistic 
representation of the transportation network being evaluated. However, one of the major drawbacks 
of simulation-based dynamic traffic assignment (DTA) models is that studying the convergence and 
stability (i.e. equilibrium) of these models is difficult. For example, in the day-to-day traffic dynamics 
generated by a microscopic loading procedure, convergence properties of travelers dynamic route 
choice decisions are not yet fully established because the travel times of the trips generated by the 
simulation are not continuous and all of the link cost functions are not known in advance and must be 
estimated. Due to the lack of proper convergence and stability proofs, the results produced by these 
models are somewhat subjective.  

The concept of equilibrium is an abstraction of the simplifying assumptions: i.) travelers are 
assumed to choose the routes that require the minimum travel time, ii.) travelers are assumed to 
know, and accurately perceive travel times throughout the network through experience and iii.) flows 
and roadway characteristics are assumed to be fixed and known. Despite these simplifying 
assumptions, the concept of equilibrium is meaningful for several reasons [Chiu et al., 2011]. First, it 
is believed to be a reasonable approximation of traveler choice, and leads to efficient solution 
methods and transferable conclusions, qualities that alternative simpler behavioral assumptions do 
not share. Second, the modeling time horizon is often long enough to assume that most travelers have 
discovered the shortest routes for their trips. Third, advances in advanced traveler information 
systems (ATIS) and other ITS technologies can make travelers much more aware of network conditions 
than was typical in the past. Finally, adoption of the equilibrium principle makes available methods 
from economics for evaluating the potential benefits (or disadvantages or costs) that accrue to 
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travelers following a change in travel conditions due to implementation of certain transportation 
projects or policies. And so, when comparative analysis is required, these features have made 
equilibrium-based traffic modeling the predominant approach used in practice to date. Therefore, one 
of the objectives of this dissertation is to be able to solve the long-standing problem of convergence 
and stability inherent in simulation-based DTA model in order to preserve these features. 

From a computational perspective, another challenge is the centralized nature of earlier models. It 
is assumed that drivers get complete and perfect information from the TMC which allows them to 
make the best route choice decision. This is computationally expensive for a large network even when 
time-independent models are used since it would mean that the information acquired, processed and 
transmitted is complete, perfect and real-time which is currently not feasible and applicable. Although 
this was improved by assuming that drivers have perception errors when making route choice 
decisions, the centralized nature of the model still persists. This creates scalability issues in computing 
power, memory and capacity in handling a large amount of data since it would require only a single 
computer to do these calculations. However, it will be shown in chapter 4 that these issues can be 
resolved by a naïve user implementation. The naïve user implementation is a fully distributed 
computing approach which is a consequence of the learning model developed in this dissertation 
which assumes that drivers have limited rationality as compared to earlier models (drivers were 
assumed to be fully rational). In this approach, the iterated simulation can be divided into many tasks 
that can be solved by one or more communicating and coordinating networked computers. 
Theoretically, a single computer can be assigned to a single driver, however, from a financial and 
engineering standpoint, this would beat one of the objectives of this dissertation. 

 
 
1.1.3 Theoretical background 

 
Traditional equilibrium traffic assignment models have been widely used as a modeling tool in 

traffic assignment. The governing solution concept in these models is the Wardrop equilibrium. This 
equilibrium is either the user equilibrium (UE) or its variant which is the stochastic user equilibrium 
(SUE) which are mathematically described in terms of a fixed point [Nonoyama and Miyagi, 1982]. 

A user equilibrium (UE) suggests that the flow on a route in a transportation network is zero if the 
cost of the route is not the minimum cost [Wardrop J., 1952]. Hence, a UE is attained when all users 
are on the routes with minimal costs. An analyst’s interpretation of a UE would be based on a user’s 
perspective where a user can estimate the current best route in the transportation network. This 
would imply that a user has complete and perfect information of the link cost functions, the actions 
chosen by all the other users in the transportation network and makes the best decision based on this 
information (best-response strategy) or that an analyst forces each user to use the current best routes 
at the cost of the other routes (best-response-like iterative methods). However, assuming that users 
have complete and perfect information about the network conditions and has the ability to estimate 
the current best route is highly unrealistic and computationally demanding. An alternative approach 
is to relax these assumptions and not require the best (optimal) route, but rather to consider a user’s 
“perceived” best route while maintaining the perfect but incomplete information assumption (a user 
knows the distribution of his random utility). The process requires the distribution of demand onto 
the routes based on the different route cost perception of each user. Route flows fulfill some 
distribution and flows are shifted towards the desired route choice distribution. A stochastic user 
equilibrium (SUE) is then obtained when all users take the route of perceived minimal cost [Daganzo 
and Sheffi, 1977]. The shifting of flows happen in a gradual manner (iteratively) until some stopping 
criterion is fulfilled indicating that a fixed point has been reached.  

Recently, researchers have focused on the structure of real travel decisions identifying it as a major 
contributing factor in travel demand. Implementation of the traditional equilibrium traffic assignment 
models such as the UE and SUE focuses on a single representative (single agent) of the population, 
which means that the users being studied are homogeneous and thus, behavior is invariable. 
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Naturally, to account for real travel decisions, different representatives (multi-agent) from the 
demand population are required. However, this would increase the level of detail of the model which 
would consequently increase the degree of heterogeneity of the transportation network users. 
Additionally, traditional equilibrium traffic assignment models treats a user/traveler (henceforth, I will 
refer to a “user” as “traveler” to describe an individual decision-maker representing a single or group 
of users in the population with specific characteristics) as a non-atomic particle (infinitely divisible). 
When the demand model accounts for the increase of travelers, because of the combinatorial nature 
of all possible choices a single traveler encounters during a single day and the non-atomic particle 
representation of each traveler, traffic assignment becomes computationally intractable [Nagel, and 
Flotterod, 2012].  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1.1.3. Non-atomic demand to atomic demand 
 
 

To overcome this, a single traveler can be interpreted as an atomic particle (a discrete decision 
maker or a single agent which would allow for a finite representation of the demand allowing for a 
finite but still possibly large combination of possible choices) representing an individual in the demand 
population as shown in figure 1.1.3 normally used in microscopic traffic simulation models. Flow 
distributions can then be reinterpreted as a choice distribution over the demand drawn using Monte 
Carlo techniques which maintains its mathematical interpretation. A discrete demand model typically 
used in microscopic traffic simulation sample travelers and simulates the travelers’ interactions in the 
network. Travelers’ reactions based on these interactions affect travel decisions which are not 
accounted for in traditional equilibrium traffic assignment models. Traveler interaction occurs during 
each iterative traffic assignment simulation until a stopping criterion is met. A traveler’s choice 
distribution is then reinterpreted as random draws from her own choice set (i.e. route set, a plan set, 
and activity chain set). Thus, an iterative solution procedure in the traditional equilibrium traffic 
assignment can be reinterpreted as a day-to-day learning behavioral loop. An important property of 
traditional equilibrium traffic assignment models is its solution concept known as the Wardrop 
equilibrium as it describes the stable solution even when all travelers are “selfish”. This selfish 
behavior seamlessly describe drivers’ behaviors in a transportation network.  

A learning model based on the selfish behavior of travelers has been extensively studied in the 
game theoretical field. Game theory is the study of strategic decision making in which players 
(travelers) adjust and play strategies against other players to optimize their own payoff function based 
on their interactions during each iteration/stage (which I refer to as the day-to-day learning of the 
players). Since a fixed point solution using Wardrop equilibrium isn’t sufficient to describe an 
equilibrium in an atomic model due to discontinuous flows, Nash equilibrium is used which maintains 
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the interpretation of a user equilibrium used in the non-atomic model; all players are satisfied with 
their payoffs and has no incentive to unilaterally change strategies. The traveler’s choice set now 
becomes a player’s action set that is assigned a probability distribution wherein travelers with 
different characteristics are sampled directly capturing different segments of the population of the 
demand model (a multi-agent model). Traffic assignment then becomes fairly straightforward, i.e., 
assign a traveler its individual route to its individual destination. Moreover, a multi-agent model adds 
new possible ways on how a player can use and perceive information. Information restriction becomes 
possible where players can either have complete and perfect information of the network conditions 
(an assumption used in traditional equilibrium traffic assignment models) including other players’ 
strategies or have no knowledge of the network conditions or its players at all (players don’t know 
that they are playing a game).  

Similar to the SUE model, players are aware that information is possibly noisy due to uncertain 
traffic conditions. But unlike the SUE model, the unknown noise (built into each player’s payoff 
function) is time dependent with an expected value of zero (0) and has bounded variance. The problem 
can then be formulated as a stochastic congestion game which is a congestion game wherein each 
player’s objective function is given as the sum of the expected realized, stochastic payoffs over time 
that are random, time dependent and non-continuously differentiable. Stochastic payoffs in the SUE 
model was first suggested by Sheffi [1985] to be solved by algorithms based on stochastic 
approximation theory such as the method of successive averages (MSA).  However, this doesn’t always 
guarantee convergence in complex networks, thus, a new approach is required. In the subsequent 
chapters, learning algorithms that guarantee convergence under certain conditions will be proposed. 

An open question is whether a multi-agent model is a plausible behavioral model and whether the 
Nash equilibrium solution to this multi-agent model can be used to solve the long-standing problem 
of convergence and stability in simulation-based dynamic traffic assignment (DTA) models. 

 
 

1.2 Research objectives 
 

1. To propose a multi-agent model as a plausible behavioral model of drivers in a transportation 
network. 

2. To propose a stochastic congestion game that leads the system to Nash equilibrium. 
3. To develop learning algorithms based on stochastic approximation theory. 
4. To test the efficacy of the proposed multi-agent model through mathematical and numerical 

simulations using learning algorithms. 
5. To test if the developed model together with a microscopic traffic simulator can solve the long-

standing problem of convergence and stability inherent in simulation-based DTA. 
 
This dissertation presents a multi-agent model which treats each player (driver or agent) as a single 

decision-maker who makes decisions under uncertain traffic conditions. Under such conditions, each 
player tries to use various travel information, given as public information or obtained only through 
experience which crucially affects their individual action choice. This produces two classes of players 
which are called the partially informed users and the naïve users based on how travel information is 
acquired by the player.  

The problem is formulated as a congestion game in which each player learns from her environment 
in order to maximize her stochastic payoffs. In the game, each player tries to maximize the realized 
payoffs obtained in her daily life wherein the objective function is given as the sum of the expected 
realized payoffs over time that are random, time-dependent and non-continuously differentiable. This 
game is called a stochastic congestion game. Two difficult problems are then encountered under this 
setting that needs to be answered. These are as follows: 
 i.) Does the stochastic congestion game have a known and stable equilibrium? and  
ii.) If it does, how can this be realized? 
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The usual mathematical programming approach is not relevant as a solution procedure for the 
model because of the stochastic nature of the gradient of the objective function. Therefore, a new 
approach is required. A solution can be found by using stochastic approximation algorithms which 
corresponds differently for each class of players. In the subsequent chapters, I will give a sketch of 
proof that the algorithms I propose can achieve Nash equilibrium in transportation networks under 
certain conditions. However, Nash equilibrium isn’t always realized due to the complexity of the 
objective function inherent in plausible traffic conditions which means that the global convergence 
property of the algorithms are not satisfied under limited observation of the system. Hence, the 
validity of the proposed algorithms are verified through numerical examples which answers these 
questions: i.) Does the algorithms always achieve a stable Nash equilibrium? If not, what condition(s) 
should be added to achieve an equilibrium?, ii.) What is the merit of using the learning algorithm?, 
and iii.) Is it applicable in large scale networks? 

After completing numerical tests of the proposed algorithms using analytical networks, the multi-
agent model is extended to a more practical and complex problem where flow conditions are given by 
microscopic traffic simulators. This model is tested to check if it can solve the long-standing problem 
of convergence and stability in a microscopic, simulation-based dynamic traffic assignment.  

 
 

1.3 Dissertation outline 
 

The outline of this dissertation, shown in figure 1.3.1, is as follows: Chapter 1 explains the 
motivation, background, objectives and contributions of this dissertation. In Chapter 2, a review of 
related literatures are presented introducing models developed to overcome certain limitations of 
previous models. Additionally, issues of the current models are discussed and possible solutions 
(based on the research objectives) are presented. Chapter 3 is a discussion on how the traffic 
assignment problem can be formulated as a congestion game which comes from game theory. A brief 
review of some of the concepts, notations, and terms in game theory are also presented. In Chapter 
4, the proposed game theoretical model (multi-agent model) is introduced and learning algorithms 
that solves the model is presented. In this chapter, some mathematical proofs of convergence are 
shown which will be supported by the results of the numerical simulations shown in chapter 5. In 
Chapter 5, a static traffic assignment problem is used to test the efficacy of the multi-agent model. 
Non-linear link cost functions, non-continuously differentiable link cost functions, and asymmetric 
Jacobian link cost functions are used in the numerical simulations. Results show that the multi-agent 
model is an effective model. Chapter 6, extends the multi-agent model to a simulation-based dynamic 
traffic assignment (DTA) model where SUMO (Simulation of Urban MObility), an open-source software, 
is used for the simulation-based DTA. In this chapter, the necessity of the simulation-based DTA is 
discussed and how the convergence and stability of such a simulation can be resolved by the 
developed model. Chapter 7 presents the simulation settings and results of the multi-agent, 
simulation-based DTA model with a small and large network. This chapter shows the numerical proof 
that the multi-agent, simulation-based DTA model is a plausible behavioral model that describes the 
non-stationarity of the transportation network and the drivers’ route choice decisions. Additionally, it 
is able to resolve the long-standing problem of convergence and stability inherent in simulation-based 
DTA models. The conclusion of this dissertation is then presented in Chapter 8. 
 
 
1.4 Main contributions of this dissertation 
 
The main contributions of this dissertation can be summarized as follows: 
� Introduction of a multi-agent model which unifies information restriction assumptions currently 

employed by existing models on drivers’ route choice behaviors (partially-informed users and 
naïve users). The model is discrete in demand, supply and time which overcomes the 
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computational complexity, solution uniqueness requirement, and lack of behavioral 
interpretation inherent in traditional equilibrium models. It treats each driver as an individual 
decision-maker with limited-rationality using a computational method from game theory and 
generalized stochastic approximation theory under a day-to-day behavioral learning loop 
characterization. The partially-informed user class is useful when applied to transportation 
networks in developed countries where ITS technologies and a TMC exists while the naïve user 
class is useful when applied to transportation networks in developing countries where ITS 
technologies and a TMC doesn’t exist yet. 

� Development of a simulation-based DTA model which accounts for the TMC-to-driver and driver-
to-driver interactions. This allows to test different ITS configurations in the transportation network 
to meet the effectiveness and cost design criteria of a project. 

� Development of naïve user models which would allow for the decentralization of the traffic 
assignment problem to overcome scalability issues while preserving traditional equilibrium traffic 
assignment models’ features. 

� Proper characterization of the non-stationarity of the transportation network and drivers’ route 
choice decisions by introducing a time-dependent and player-specific random utility term 
endowed to each decision-maker. 

� Introduction of an automatic updating, regret-based dispersion parameter in the logit choice 
model. Since regret is proven to vanish as time goes to infinity, this would imply that a driver’s 
decision also becomes deterministic as the driver gains a lot of experience. This specification helps 
reduce the exogenous variables required to make decisions. More importantly, a regret-based 
dispersion parameter would mean that the information used by a driver to make decisions is 
directly related to the transportation system which changes over time.  

� Introduction of learning algorithms used to solve the multi-agent model under different classes of 
players (partially-informed users and naïve users) which preserves the user equilibrium solution 
concept used in traditional equilibrium models. When the developed multi-agent model together 
with learning algorithms using generalized stochastic approximation methods is combined with a 
microscopic traffic simulator, it can be shown that convergence and stability can be achieved. 
More importantly, the results show that the state in which it converged to is a Nash equilibrium 
which solves the long-standing problem of convergence and stability inherent in simulation-based 
DTA models. 
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CHAPTER 2 
 

REVIEW OF RELATED LITERATURES 
 

In this chapter, the necessity and importance of the development of this dissertation is discussed. 
From the development of mathematical models concerning drivers’ behaviors and their limitations to 
the models concerning the development of the traffic assignment problem’s evolution from 
continuous demand, space and time representation to its discretization and its advantages and 
disadvantages. Furthermore, a glimpse of the possible solutions to these limitations are discussed 
which are thoroughly presented in the subsequent chapters. 
 
 
2.1 From fully rational drivers to drivers with limited rationality 
 

Traffic equilibrium models follow the mathematical investigation by John Glen Wardop [1952], who 
developed the so-called Wardrop’s first and second principle of equilibrium. A few years later, 
Beckmann et al. [1956] formulated the first mathematical model of network equilibrium usually 
referred to as the “Beckmann model” or “Beckmann transformation” where the goal is to find the 
network link flows that satisfy the user equilibrium (UE) criterion which can be obtained by minimizing 
an objective function of a mathematical program that has a unique solution. The objective function is 
the sum of the integrals of the link performance functions whose solution doesn’t have any intuitive 
economic or behavioral interpretation. Although, a general assumption employed on the behavior of 
the drivers is that the only action they can make is the choice of the route. A criterion for a UE is a 
state where each driver selects the fastest route wherein they have no incentive to unilaterally change 
their current route. Even though the Beckmann model satisfies the UE criterion and is widely used in 
practical assignment, it is argued that assumption used in the traffic assignment and its equilibrium 
interpretation are unrealistic. For example, assignment is deterministic which implies that drivers have 
complete and perfect knowledge of the network conditions. However, route choice decisions are 
normally based on perceived travel times (costs) which varies across individuals. Furthermore, some 
drivers do not know or judge incorrectly the shortest travel time or least-cost path or choose a path 
for reasons not captured by the time or cost functions [Gliebe et al., 1999]. 

In order to account for the variations in drivers’ perceptions or travel times (costs), stochastic user 
equilibrium (SUE) models were developed [Daganzo and Sheffi, 1997; Fisk, 1980; Sheffi, 1985]. These 
models combine UE and stochastic methods where drivers’ route choices are modeled as stochastic 
processes. The stochastic content of route choice represented by the random utility term (error term) 
may represent three effects [van Vuren, 1994]: a.) influences on route choice which have been 
excluded from the generalised cost function, b.) variations in route choice preferences between 
drivers which are not explained by the route choice parameters used in assignment models, and c.) 
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daily variations in network traffic conditions. Traditionally, multinomial logit (MNL) or multinomial 
probit (MNP) are employed by SUE models for stochastic loading. Multinomial logit assumes that 
drivers’ utilities (payoffs) are independent and identically distributed (IID) with a Gumbel distribution 
and drivers respond to travel time or cost similarly. An implication of the IID assumption is the 
restrictive property of independence from irrelevant alternatives (IIA) which renders the multinomial 
logit incapable of taking account of route correlation. On the other hand, multinomial probit doesn’t 
suffer from IIA since it doesn’t assume IID. However, multinomial probit encounters serious problems 
of tractability which have restricted its application in practical work. Both the UE and SUE models are 
normally solved by iterative optimization algorithms (i.e. Frank-Wolfe algorithm). 

An apparent problem in computational complexity, solution uniqueness requirement and lack of 
behavioral interpretation of the UE and SUE models lead researchers to develop discrete models. An 
explanation of its necessity is given by Nagel and Flotterod [2012] in which they argued that choice 
dimensions in (dynamic) traffic assignment models rarely go beyond route choice and thus, the 
feedback of changing network conditions on higher-level choice dimensions (i.e. departure time 
choice, mode choice, etc.) are ignored. Furthermore, the macroscopic demand model used in UE and 
SUE models doesn’t properly account for the structure of the behavioral model because it is usually 
assumed homogeneous. Therefore, in order to increase the degree of heterogeneity in the population, 
the demand should be increased. However, due to the continuous representation of time, demand 
and the combinatorial nature of all possible choices a driver faces, the problem quickly becomes 
computationally intractable.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2.1.1. Reinterpretation of choice fractions into individual choice probabilities 
 
 
A prominent model which incorporated temporal discretization was given by Cascetta [1989] which 

were called stochastic process (SP) models where OD flow variables were discretized and past 
experiences are used by drivers to decide their future route choices. This was used by Watling [1996] 
to show that asymmetric problems, in which uniqueness of a solution isn’t guaranteed, has a 
stationary probability distribution (equilibrium probability distribution) – stability of the probability of 
different system states. From the demand perspective, Zhang et al. [2008] proposed an individual-
based, micro-assignment SUE model where demand is discretized and distributed as closely as 
possible to the macroscopic average flow rates. The solution, however, still doesn’t produce any 
behavioral interpretation. To resolve this issue, Nagel and Flotterod [2012] proposed a series of 
discrete demand models in discrete time giving importance on individual behavior. The authors 
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discussed how the iterative solution procedure used to solve the UE and SUE models can be 
reinterpreted as a learning behavioral loop which includes the move from continuous traffic streams 
to discrete individual travelers and the inclusion of additional choice dimensions beyond route choice 
(shown in figure 2.1.1). The first discretized models treated travelers as individual particles 
(microscopic travelers) and were called particle UE and particle SUE model. In the same paper, they 
extended the notion of a simple particle to a microscopic, behaviorally-oriented simulation model 
called the agent-based UE and agent-based SUE model. An agent-based SUE is defined as a system 
state where “agents” draw a stationary choice distribution such that the resulting distribution of traffic 
conditions regenerates that choice distribution.  

From the models discussed above, a common assumption is used on the environment (system) 
which is directly related to the assumption on the route choice decisions employed by the drivers. All 
models assume that the environment is stationary and thus, would imply that the drivers’ route 
choices come from a stationary distribution. This is trivial for UE models, however, for SUE models, 
this can be identified from the assumption on the distribution of the random utility term – when it 
isn’t driver-specific and it isn’t time-dependent. Based on the failure of these models to account for 
the nonstationary environment experienced by drivers in the real world, this dissertation proposes a 
multi-agent model, proposed in [Miyagi and Peque, 2012], that overcomes the stationary environment 
assumption. The model assumes a random utility term that vanishes with time, shown in figure 2.1.2, 
which characterizes the “learning process” of drivers where it can be deduced from their improving 
route choice decisions gained through experience. Route choice decisions of each individual driver 
starts as probabilistic and normally ends up as deterministic (unless a driver(s) experiences equal 
travel times (costs) on more than one route). A multi-agent model might be closely related to the 
agent-based model [Nagel and Flotterod, 2012], however, the goals of each model is different. An 
agent-based model gives an explanatory insight into the collective behavior of agents (which doesn’t 
necessarily need to be “intelligent”) obeying simple rules while a multi-agent model focuses on the 
interaction of multiple interacting intelligent agents within an environment. This multi-agent model is 
one of the major contributions of this dissertation and will be discussed in detail in the subsequent 
chapters. Additionally, this model overcomes the “flip-flop” choice behavior inherent in memory 
models (models specifying how decision-makers respond to past costs). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 2.1.2. Comparison of the SUE and multi-agent model 
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In the subsequent chapters, it will be shown that the multi-agent model can easily solve the 
problems solvable by traditional equilibrium models (problems with well-defined link cost functions) 
and problems that are difficult or impossible to solve using traditional methods (problems with ill-
defined link cost functions). 
 
 
2.2 Traffic assignment models: assumptions, limitations and issues 

 
Fundamental concepts of route choice like Wardrop’s principles are closely related to the traffic 

assignment problem since traditionally, traffic assignment problems focus more on the mathematical 
description of route choice rather than on the realistic description of traffic flow. Traffic assignment 
models have been traditionally categorized as static or dynamic traffic assignment models depending 
on whether a model is not time-dependent or time-dependent, respectively. Due to the lack of the 
realistic description of traffic flow, traffic simulation models from the context of traffic assignment are 
being adopted by researchers. Traffic simulation models are categorized as vehicle-oriented models 
(microscopic) and flow-based models (macroscopic). The former describes the movement of individual 
vehicles through the network while the latter do not discern individual vehicles but describes traffic 
as a kind of “fluid” and is closely related to the traditional dynamic traffic assignment model. 

Static traffic assignment provides a good approximation that describes a “stationary limit” of a peak 
period if it is infinite. However, for congested networks, a link outflow can’t exceed the link capacity 
and a link inflow greater than its capacity results in a queue build up. The queue will grow as long as 
this inflow exceeds the link’s capacity and if the “stationary limit” is upheld would produce infinite 
travel time. Therefore, in the “stationary limit”, the route choice model would not exceed the link 
capacity. In reality, however, link flow might exceed the link’s capacity during rush hour since the 
travel time on the shortest but jammed route might still be less than the travel time on the second 
shortest route. This is one of the reasons why link capacity isn’t usually treated as a constraint 
[Beckmann et al., 1959]. Nevertheless, the situation in a congested network still cannot be described 
in a satisfactory way by a static traffic assignment. Another shortcoming of static traffic assignment 
models is the fact that flows on routes sharing a common link in the network always interact while in 
reality, this common link might be used by the travelers using different routes at different times. 
Additionally, in a static traffic assignment model, travel times of travelers traversing the same route 
(i.e. same origin and destination) who departed at an earlier time are still affected by the travelers 
who departed at a later time. 

These shortcomings of static traffic assignment models were resolved by dynamic traffic 
assignment models. Such models have been proposed by several authors and a comprehensive 
overview can be found in [Ran and Boyce, 1993]. In contrast to the static traffic assignment models, 
dynamic traffic assignment models describe the propagation of flow through the network based on 
time-dependent inflow and outflow variables which are normally formulated as a nonlinear 
programming (NLP) problem. However, the nonlinear program formulation contains the travel times 
which are unknown until the problem is solved. Hence, the nonlinear programing formulation relies 
on a relaxation technique which uses estimated travel times which increases the complexity of the 
dynamic traffic assignment drastically. For this reason, a variational inequality (VI) formulation of the 
dynamic UE conditions is used. Although the variational inequality formulation is convenient from a 
theoretical standpoint, it usually cannot be solved directly. A relaxation procedure which discretizes 
time into intervals is used which makes the variational inequality problem equivalent to a nonlinear 
programming problem which can then be solved by iterative optimization algorithms like the Frank-
Wolfe method. A major drawback of the dynamic traffic assignment, however, is that the complexity 
of the problem increases drastically as the network increases as compared to the static case. 

Static and dynamic traffic assignment models are either not capable of modeling congested 
networks or too complex to be solved for large networks and a realistic modeling of flow propagation 
and intersection interactions is difficult. With the need for high-fidelity traffic models with a temporal 
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resolution that captures day-to-day, within-day dynamics, queueing and congestion patterns for 
transportation planning and management, traffic simulation models (i.e. macroscopic, microscopic, 
mesoscopic, etc.) were developed. Among the traffic simulation models, since a multi-agent model 
can be described as driver-focused which can be characterized by the microscopic traffic simulation 
model, a microscopic traffic simulation model will be the focus of the discussion. The most widely used 
microscopic traffic simulation model due to its minimalistic and simple approach is the cellular 
automaton model (a model characterized by discrete demand, time, space and internal state). The 
most prominent cellular automaton model is the Nagel-Schreckenberg (NaSch) model [Nagel and 
Schreckenberg, 1992], where the streets are discretized and driving behavior is described by four 
simple rules which are updated at each discrete time step. Although the driving behavior is described 
by very simple rules and even if finite deceleration isn’t modeled at all [Krauß, 1997], the NaSch model 
can reproduce the fundamental properties of traffic flow. However, an important characteristic of 
traffic flow isn’t captured by the NaSch model wherein the flow becomes unstable at a certain critical 
density. In this state, known as the metastable state, there is a non-zero probability (directly 
proportional to the density) that a traffic jam would occur and flow would break down. This can be 
observed in real-world data and is the reason for the characteristic “reverse lambda” shape in a 
fundamental diagram. For this reason, Krauß [1997] proposed a model that generalizes the driving 
behavior described by the NaSch model which captures the metastable state during a simulation. This 
car-following model is now being used by the microscopic traffic simulator Simulation of Urban 
Mobility (SUMO).  

It isn’t surprising that traffic assignment models based on traffic simulation models have been 
proposed by several authors [Leonard et al., 1989; Rakha and van Aerde, 1996; van Aerde et al., 1996; 
Mahmassani et al., 1995; Ben-Akiva et al., 1997; Ben-Akiva et al., 1998; Chabini and He, 1998]. A major 
shortcoming of the simulation-based dynamic traffic assignment models that have been proposed so 
far is that studying convergence and stability of these models is difficult. Specifically, due to the 
discontinuous travel times (costs) generated by a microscopic traffic simulation. Moreover, all of the 
link performance functions of the road segments are not known in advance and must be estimated 
over time. For this reason, the multi-agent model developed in this dissertation together with learning 
algorithms from generalized stochastic approximation theory is combined with a microscopic traffic 
simulator (SUMO). Simulation results show that convergence and stability of the solution is achieved. 
More importantly, the solution acquired is a Nash equilibrium which is closer to the user optimised 
flow introduced by Dafermos and Sparrow [1968]. 

 
 

2.3 Chapter summary 
 

The first section of this chapter discussed about the assumptions used in traditional equilibrium 
models and the solution concepts used to characterize the equilibrium solution. These models assume 
that drivers can acquire complete and perfect information about the network conditions of the 
transportation network. Drivers’ behaviors, however, can either be deterministic wherein they select 
the route with the minimum travel time (cost) or probabilistic wherein they select the route with the 
“perceived” minimum travel time (cost). An apparent problem encountered with this specification is 
the computational complexity when additional choice dimensions are added. Additionally, there is a 
solution uniqueness requirement in these models. Finally, although a characterization of drivers’ route 
choice behaviors is the goal of these models, the solution lacks any behavioral interpretation and 
drivers’ behaviors are in fact treated as homogenous. Discretization seems to be one of the solutions 
to these limitations. A temporal discretization was developed by Cascetta [1989] which allowed to 
solve asymmetric transportation problems [Watling, 1996] using drivers’ past experiences to decide 
the trajectory of their decisions for the future. From the demand perspective, a demand discretization 
was developed by Zhang et al. [2008] to properly characterize the discrete nature of drivers in the real 
world. Its solution, however, was an approximation of its continuous counterpart. Ultimately, these 
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models fail to properly characterize the behavioral aspect of drivers’ route choice decisions. Nagel and 
Flotterod [2012] proposed a series of discrete demand and discrete time models wherein drivers are 
treated as agents. These agents lack the capacity of acquiring complete and perfect information about 
the network conditions of the transportation network. However, an agent-based model only 
characterizes the collective behavior of agents rather than focus on the individual drivers’ route choice 
decisions. Hence, the focus of this dissertation is the characterization of the route choice decisions of 
each individual driver by treating them as individual decision-makers using a multi-agent model from 
game theory. An advantage of this model is the unification of the assumptions about the information 
that drivers can acquire about the transportation network used in the traditional and present models, 
and the proper characterization of the non-stationarity of the transportation network and drivers’ 
behaviors. It will be shown in the subsequent chapters that a multi-agent model can be used to solve 
both well-defined (assumptions used by traditional equilibrium models) and ill-defined link cost 
functions wherein the mathematical interpretation of the solution concept used in traditional 
equilibrium traffic assignment models is preserved. 

The second section of this chapter discusses the assumptions on the nature of the transportation 
network’s environment. Traffic assignment models can be classified as either static or dynamic 
depending on whether variables in the model are not time-dependent or time-dependent, 
respectively. Static traffic assignment models provide a good approximation of a peak period with 
unrealistic assumptions while dynamic traffic assignment models provide a better solution using 
realistic assumptions but are too complex to be applied to large networks.  A solution to the problem 
is by traffic simulation wherein the drivers’ movement across the transportation network is simulated. 
From the point of view of traffic assignment, traffic simulation models can be divided into two major 
classes: vehicle-oriented (microscopic) models describing the movement of individual vehicles 
through the network and flow-based (macroscopic) models which do not discern individual vehicles 
but describe traffic as a kind of “fluid”. Macroscopic traffic simulation models, although highly 
detailed, suffers the same computational complexity of dynamic traffic assignment models. A 
microscopic model on the other hand is discrete in demand and space wherein the additional 
information needed by DTA algorithms, i.e. origin, destination, route and departure time, can easily 
be added to the data structures of the model. Since in this dissertation the goal is in characterizing 
individual drivers’ route choice decisions, emphasis on microscopic traffic simulation in the context of 
traffic assignment is given. A major drawback of simulation-based dynamic traffic assignment models 
is the long-standing difficulty in studying its convergence and stability due to discontinuous flows and 
unknown link cost functions. However, by combining the multi-agent model and learning algorithms 
developed in this dissertation with microscopic traffic simulation models, it can be shown through a 
simulation-based dynamic traffic assignment that the long-standing problem of convergence and 
stability can be resolved. More importantly, the solution acquired is a Nash equilibrium which is closer 
to the user optimised flow introduced by Dafermos and Sparrow [1968]. 
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CHAPTER 3 
 

TRANSFORMATION OF THE TRAFFIC ASSIGNMENT 
PROBLEM INTO A CONGESTION GAME 
 

This chapter presents the traffic assignment problem by introducing the notations used to 
formulate it as a mathematical program. Subsequently, the mathematical program is transformed into 
a congestion game which is used to the characterize drivers' interactions in the transportation network. 

 
 

3.1. The traffic assignment problem 
 

Given the origin-destination trip rates, the network, and link performance functions, a solution to 
the traffic assignment problem is to find link flows based on the behavioral assumption that each 
traveler travels on the route that minimizes her travel time from her origin to her destination. 

 
3.1.1. Notations 

 
A transportation network is a directed graph, � �,G �� , � , where  is the set of nodes (i.e. cities, 

intersections, etc.) and  is the set of links (i.e. road segments). Each link, �� , has a link capacity, 
0C 	 0C 	 , as well as a free flow  travel time, 

0,
ˆ 0
 	 0	  (the minimum amount of time required to traverse 

the link at the maximum allowed speed). The link travel time, � �f
 � �f
 , depends on the link flow, ff . 
The transportation network is normally composed of a set of fixed origin-destination (OD) pairs, 

OD �� �� , and each pair, �� �,n p q OD�� � , has a constant demand, 0nd 		 , of drivers travelling 
from p  to q  in a given period of time. These OD �� pairs are composed of a set of routes, r� , 
connecting p  and q  which are themselves composed of a set of links, , 2r r� � � 2,r,� . 

From the specification above, it immediately follows that, 

 nn OD
f f

��
� , (3.1.1) 

 ,n n rr
f f

�
�� ,n r,fn . (3.1.2) 

 
3.1.2. The mathematical program formulation 
 

The traffic assignment problem is to find the link flows, f , that satisfy the user equilibrium 
criterion when the demand for all origin-destinations, d , have been appropriately assigned. The link-
flow pattern can be obtained by solving the following mathematical program, 
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 �� � � �
0

min
f

z f d
 � ��� � �
f

�
f

�� �� �d� �d�
00����  (3.1.3a) 

subject to, 
 

,
,nr n r

f d n OD�� � �  (3.1.3b) 

 
, 0, ,n rf r n OD�� � � � �n O,   (3.1.3c) 

 � � ,n
rn r

f r f� � � � f  ,n � ��� � n
rr f� r   (3.1.3d) 

where � �� �  is the indicator function that takes the value of 1 if the statement in the parenthesis is 
true and 0 otherwise. 

In this formulation, the objective function (3.1.3a) is the sum of the integrals of link cost functions. 
This function doesn’t not have any intuitive economic or behavioral interpretation and should be 
viewed strictly as a mathematical construct that is utilized to solve equilibrium problems. 

Equation (3.1.3b) represents a set of flow conservation constraints and equation (3.1.3c) are 
required to ensure that the solution of the program will be physically meaningful. The network 
structure enters this formulation through the definitional incidence relationships given by equation 
(3.1.3d). The mathematical program given by equation (3.1.3) is normally solved by iterative 
optimization algorithms such as the Frank-Wolfe algorithm. 

 
 

3.2. The (deterministic) congestion game model 
 

Conveniently, the mathematical program above can be formulated from the perspective of 
individual drivers known as the (non-atomic) congestion game model [Schmeidler, 1973]. However, 
since this dissertation is focused on treating drivers as individual decision-makers, the discussion will 
be on the atomic (discrete) congestion game model proposed by Rosenthal [1973]. The (deterministic) 
congestion game model is introduced below. 
 
3.2.1. Notations 

 
Consider a game  described by the triple, 
 � �� �, ,i i

i
u

�
� �� �� , ,� i i

i
u

�
� . (3.2.1) 

The sets � ��1,..., ,...,i I��1,...,� , where I �  and � �1 ,..., ,..., ,i i i i
k Na a a i� � �� �1 ,�,...,i i i i� k N,...,,...,a a a i�1 ,�,...,i i i
k N,...,,...,� �� � , where iN � i , 

represent the set of players and the set of actions of each player i , respectively. The notation 
i ia�� �� i  is used to represent the action taken by the opponent(s) of player i , where 

� �1 1 1,..., , ,...,i i i Ia a a a a�� � ��  and the action set of the opponent(s), 
1 1 1... ...i i i I� � �� � � � � �1 1 1... ...i i i I1 1 11� � �� ����� ����� ����� �� . An action profile is a vector denoted by 

�� �1 1,..., ,..., ... ...i I i Ia a a a� � � � � � �1 ... ...i I1� ����� ����� ����� �� . The conventional notation �� �,i ia a a��  will be used 

to represent an action profile to explicitly show an action taken by player i  against the actions taken 
by her opponent(s), i�� . In this analysis, these sets are assumed finite, non-empty, non-unitary and 
time-invariant. In the game , each player i  represents a driver in the transportation network 
choosing among her set of routes represented by ii  from her origin, p , to her destination, q . The 
terms driver, user, traveler and player will sometimes be used interchangeably to describe an 
individual decision-maker in the transportation network. The game  is played stage by stage as a 
repeated game. In a repeated game, each stage �� �0,1,2,...t T� � �  lasts when all the players have 

chosen an action i
ta  denoted by �� �1,..., ,...,i I

t t t ta a a a� . The payoff of each player i  in a one-shot 

game, �� �0T � , is determined by the function :iu �� . When the one-shot game is repeated 
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finitely or infinitely often, � ��0,1,2,...T �� , each player i��  observes a sample i
t
i
t  which is the payoff 

at stage t  expressed as � ��,i i i i
t t tu a a��� �i i �t t�u a�i � t�� . Each player’s action i

ta  at stage t  is chosen according to a 

probability distribution, i
t� , which will be referred to as the strategy of player i  at stage t . A player’s 

strategy at stage t  relies only on her observations from stages �� �0,1,2,..., 1T t�� �  which are 
dependent on the information restrictions assumed. 

The empirical frequency of actions selected by player i  up to stage t  is defined as, 

 �� � � �1

0

1
,

ti i i i i i
t ss

z a a a a
t

�

�
� � � � i� �i i� �s�a a� �s� , (3.2.2) 

where � �� �  is the indicator function. 
From the stage payoffs, each player can estimate their action values denoted by,  

 � � � � � �1

0

1
{ } , , ,

ti i i i i i i i i i i i
t s s ts

V a a a u a a u a z a
t

� � � � �
�

� � � � � ii i{ s{{{{ . (3.2.3) 

An average of the realized payoffs for player i  at stage t  can then be defined as, 

 �� � � �1

0
, ,

ti i i i i i i i i
t t s s s t ts

u z u a z u z z� � �
�

� � �i i
t tut� ,  (3.2.4) 

where �� �1 1 1,..., , ,...,i i i I
t t t t tz z z z z� � �� . For now, let the empirical frequencies, i

tz , of player i  denote the 

(empirical) mixed-strategy, � �i i i
t tz � ��� � �i , of player i  at stage t . Consider a discrete-time process 

where the objective of each player is to maximize her expected payoff based on mixed-strategies 
denoted by, 

 �� � 1

0

1
max , liminf liminf

ti i i i i
s tst t

u u
t� � �� � ��

���� ���

� � � �� �� � �  �  
 liminfliminfliminf

t���

11 t i11
liminf

11 t

0t s
liminfliminf

t 0
liminf

0 ss 0t ss
liminf

t���
�� �� �� �
� � ���  �����    

 i
t
�
 
��
  
� . (3.2.5) 

A player’s strategy i i! "��  is the function � �:i i i
tV! �� �i  which induces the set of probability 

distributions or mixed-strategies at each stage, �� �
0

i
t t

�
	

 and i"  is the set of all possible strategies of 

player i . Let �� �1,..., ,...,i I" " " "�  be the set of all strategy profiles. Whenever the mixed-strategies 

at stage t  induce the same probability distributions in the succeeding stages, �� �| , 1, 2,...s s t t t� � � � , 
such that it maximizes the players’ payoffs and that none of the players can obtain a performance 
improvement by unilaterally using another mixed-strategy, it is called a mixed-strategy Nash 
equilibrium. A mixed-strategy Nash equilibrium is formally defined as follows. 

Definition 3.2.1. (Mixed-strategy Nash equilibrium). In the game , a strategy profile � �*� ��� �  is 

a Nash equilibrium if it satisfies for all i�  and for all � �i i� ��� �i  such that 

 �� � � �* * *, ,i i i i i iu u� � � �� �� . (3.2.6) 

When all players assign a probability 1 to only one action, i.e. �� � 1ia� � , and it satisfies the 
condition above, a Nash equilibrium in pure strategies can be achieved which is formally defined below. 

 Definition 3.2.2. (Pure-strategy Nash equilibrium). In the game , a strategy profile 
*a ��  is a 

pure-strategy Nash equilibrium if it satisfies for all i��  and for all i ia �� i , that 

 �� � � �* * *, ,i i i i i iu a a u a a� �� .  (3.2.7) 
Nash equilibrium is one of the central solution concepts of game theory. Therefore, one of the 

objectives in the design of learning algorithms is to study the kind of behavioral rules that lead to this 
equilibrium as a consequence of the long-run, non-equilibrium process of learning. 

Another important variant of the Nash equilibrium solution concept is the � �� Nash equilibrium 
which approximates the Nash equilibrium by a small value, � . An � �� Nash equilibrium can be 
interpreted as a strategy profile, 

*�*� , such that, none of the players can obtain an improvement 
superior to 

*�*�  by unilaterally changing her own strategy.  
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Definition 3.2.3. (� �� Nash equilibrium). Let 0� 		 . In the game , a strategy profile � �*� �� �*� �� ��  is 

an � �� Nash equilibrium if it satisfies for all i�  and for all � �i i� ��� �i , that 

 �� � � �, ,i i i i i iu u� � � � �� �
# # #� �� � �, ,� �i i i i i� �� � �� �� , ,� �i i i i ii i i i� �u�, �i ii �##��### ### ##��#�## . (3.2.8) 

Nash equilibrium is closely related to the user-optimised flow introduced by Dafermos and 
Sparrow [1968] rather than the Wardrop equilibrium [1952].  
 
 
3.2.2. Congestion game: a special case of potential game 
 

A traffic game with atomic flow was first proposed by Rosenthal [1973] and is known to be 
equivalent to a (deterministic) congestion game. A congestion game is a special case of potential game 
[Monderer and Shapley, 1996] where the incentive of all players to change their strategy can be 
expressed using a single global function called the potential function, $ . Figure 3.2.1 shows a potential 

game composed of three players, � �1,2,3��1,2,3� , with two actions each {0, 1} and two Nash equilibria 

(blue nodes). A node represents the actions chosen by each player, �� �1 2 3, ,a a a , while the directed 
links represent an improvement of a player’s payoff. Each node represents an action profile and each 
directed link represents an improvement path. A potential game is formally defined as follows. 

Definition 3.2.4. (Potential games). A finite I �� player game with action sets � �i i��i i�
 and payoff 

functions �� �i i
u

�
 is a potential game if i�� � , i ia�� ��� � i  and �� �,i i i ia a�� � ��i �a � ii ��  and for some 

potential function, :$ �� , 

 �� � � � � � � �, , , ,i i i i i i i i i iu a a u a a a a a a$ $�� � � ��� � �� � � � �,�, �i i i i i i� � � �a a� ,� i�a a �,, �i i � $ $� �,� �i ii i� � �a aa a� �,,,� �i ii i� � . 
 
 
 
 
 
 
 
 
 

Figure 3.2.1. A potential game 
 
 
This means that each player’s payoff function is aligned with the potential function. Additionally, 

potential games have the finite improvement property (FIP) where any best or better-response of a 
player to some action profile increases the potential function and every path in the best or better-
response leads to a Nash equilibrium.  
 
 
3.3. Flows, costs and the potential function 
 

The flow conservation equations in traffic games with atomic flow will now be presented. For 
simplicity, the analysis is restricted to a transportation network with a single origin-destination (OD), 

�� �{1} ,n p q OD�� � � , pair connected by a set of paths (routes), � ��1,..., ,...,k N� ��1,...,k� , made up of a 
subset of links, , 2k� � � � 2� , k . It is assumed that for all players in the transportation network, 
the set of available paths are the same and is defined to be the players’ action sets, i.e. 
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�� � � � � �� � � �1 1 ,..., ,..., : 1,..., ,..., ,i i i
k Na a k a N k N�� 2 ,i ia i� � � �2 ,i i2 ,i �i�� � . To avoid confusion, the path index 

k  in the notation, �� �i
ka k  will be dropped, which means that I might use ia  and k  interchangeably to 

denote an action or a path selected by player i . Path flows are denoted by an N �� dimensional vector 

�� � � � � �� �1 ,.., ,...,h h h k h N��  where each element represents the number of players who chose the 

path k , �� � � �: ih k i a� . Hence, � �k
h k I

�
�� � �h k� � .  

A visit to path k  by player i  at stage t  is expressed as, 

 �� � � �i i
t tz k a k� �� �i� t�a k� i� t� . (3.3.1) 

The aggregated path flows at an arbitrary stage t  are then defined as follows. 

 � � �� �i
t ti

z k h k
�

� �t �z k�t � , (3.3.2) 

 � �� 1i i
i i
ta

z a
�

� �i tz a�t .  (3.3.3) 

Let � ��� � k
k%

�
� ��k%

k�
 denote elements in the link-path incidence matrix and ff  be the flow on the link . 

The link flows can then be defined as, 

 � � � � ,
k

k h k f%
�

� � � % � � � � ,k h k f� � �% ��k �� . (3.3.4) 
The following notation on link flow is also used, 

 i
i

f f
�

� ff ff , (3.3.5) 

 � �,i
i

k
f k i

�
� � � � i ����f  i��k�, . (3.3.6)  

Congestion games are a specific class of games in which players’ payoff functions has a special 
structure. Let � �1 2, ,...��� �,...1 22

 denote a finite set of links. For each link �� , there is an associated 
congestion function (link cost function) denoted by, 

 :{0,1,2,...}
 �:{0,1
 , (3.3.7) 

which reflects the  delay of “using” the link as a function of the number of players using that link, .  
The link travel time is given by a real-valued, non-decreasing but not necessarily continuous 

differentiable function, � �f
 � �f
 . The cost of a path ik �� i  chosen by player i  at stage t  is defined as, 

 �� � � �� �,i i
k

c k k F% & 

�

� � � � � �� �,F& 
� ��kk� �� �
k
%

�
�% �� �� , (3.3.8) 

where i&  is the value of time for player i  and FF  is the fare imposed on the link . The payoff that a 
player receives when she chooses a path ik � i  is then defined as �� � � �i iu k c k� � . Since a path flow 
is dependent on the link flows which are also dependent on the number of discrete players, the payoff 
function is not continuous. 

Primarily, the potential function in a (deterministic) congestion game is defined as, 

 �� � � �� �
0

min
f h

a m
h m F$ 


� �
� �� ��    �f h�� �f h� �� � �m F� �  ��  �a ma m���

, (3.3.9) 
which is the generalized discrete cost version of equation (3.1.3a). The traffic game was shown by 
Rosenthal [1973] to have at least one pure-strategy Nash equilibrium which we provide below as a 
Lemma. 

Lemma 3.3.1. (Rosenthal, 1973). A game with a strictly increasing cost function with respect to ff  
of the form (3.3.8) with a potential function of the form (3.3.9) possess at least one pure-strategy Nash 
equilibrium.  
 
 
3.4 Chapter summary 
 

The traffic assignment problem was introduced and was presented as a mathematical program. The 
solution to this mathematical program can be obtained by using iterative optimization algorithms such 
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as the Frank-Wolfe algorithm. However, the solution doesn’t have any intuitive economic or 
behavioral interpretation.  

In order to characterize drivers’ route choice behaviors, the mathematical program can be 
transformed into a congestion game which comes from game theory. A congestion game, however, 
can be formulated as either non-atomic [Schmeidler, 1973] or atomic [Rosenthal, 1973] depending on 
whether the drivers can be treated as a “fluid” or a discrete individual decision-maker, respectively. 
Since the focus of this dissertation is to treat drivers as an individual decision-maker, emphasis is given 
to the atomic congestion game. But an atomic or discrete representation of drivers produces 
discontinuous flows in which the solution concepts used in traditional equilibrium models can’t be 
used. Hence, we turn to game theory for solutions. Relevant solution concepts to the traffic 
assignment problem from game theory are the Nash and � �� Nash equilibrium solution concepts 
where the Nash equilibrium is closely related to the user-optimised flow introduced by Dafermos and 
Sparrow [1968]. The discussion then proceeds to show the relationship between the mathematical 
program formulation and the congestion game model by showing that a congestion game is a special 
case of a potential game in which the entire game can be represented by a single global function called 
the potential function. To conclude the transformation, it was shown that the potential function 
denoted by the equation (3.3.9) is the generalized discrete version of equation (3.1.3a) of the 
mathematical program and is proven to have at least one solution which is a pure-strategy Nash 
equilibrium.  
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CHAPTER 4 
 

DEVELOPMENT OF THE MULTI-AGENT MODEL: A NON-
COOPERATIVE STOCHASTIC CONGESTION GAME  

 
The previous chapter discussed about how the mathematical formulation of the traffic assignment 

problem can be transformed into a congestion game which comes from game theory. However, a 
congestion game assumes that players make deterministic decisions and hence, is much closely 
related to the user equilibrium model. Deterministic choices makes sense when complete and perfect 
information about network conditions of the transportation network can be acquired by each driver. 
Even with the fastest computers today, this still isn't possible. Probabilistic decisions are more realistic 
and is one of the main reasons why SUE models were developed. Therefore, a model closely related 
to but more general than an SUE model will be introduced in this chapter. Additionally, it will be shown 
that this model unifies all assumptions currently employed by existing models on drivers’ route choice 
behaviors and that it can properly characterize the non-stationarity of the transportation network and 
drivers’ route choice decisions. 
 

 
4.1. The multi-agent model 
 
4.1.1. Player-specific payoff perturbation 
 

A (deterministic) congestion game is an exact potential game. The action ia  is a best-response of 
player i  when, 

 � � � �1 1 ,i i
i i i i i

a a
f f a a
 
� �

� �
� 	 � ''� � 
 ia � ia1 ,� �
 � f 1�
 � f

a� ia

 � � �a�f f� � �1 1� � �� a�f 1�1���� f
 �� f   (4.1.2) 

holds. Equation (4.1.2) expresses the exploration process in which each player can compare the 
payoffs (or costs) among alternative routes and judge which alternative is the best. This exploration 
process might be automatically accomplished by a micro-processor equipped in a traveler’s own car. 
Exploration implies that player i  knows the structural form of her payoff function and hence, the cost 
function and can search the action values of her alternative actions provided that the actions of her 
opponents remain unchanged.  

In (deterministic) congestion games, it is assumed that all players have complete and perfect 
knowledge of the game. Therefore, the realized payoff is always equal to the expected payoff which 
is the result of the best action (route) chosen by player i  at each stage which is denoted as, 

 � � �� �, ,i i i i i i
t t t t ta z u a z� ����i i i�t t t� ,a z,i i

t , . (4.1.3) 

Equation (4.1.3) explicitly shows that player i  can get information about the other players’ actions 
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at each stage. To avoid drivers from making deterministic decisions, a stochastic congestion game is 
used. In stochastic congestion games the payoff function is perturbed. It is assumed that the realized 

payoff consists of the expected payoff �� �,i i iu a z��  and a player-specific random term �� �i i
te a . That is, 

 � � �� � � �, ,i i i i i i i i
t t t t t t ta z u a z e a� ��� ��i i i�t t t� ,a z,i i

t , ,  (4.1.4) 

where iu  is the true expected payoff and �� �i i
te a  is a component of the player-specific and time-

dependent noise or the private information, �� � � � � ��� �1 , , , ,i i i i i
t t t te e e k e m�� � � � ��i i i� � �t t� �, , ,� � e m�, , ,� �i i� � �� � t, , ,� �  . It should be noted that 

the realized payoff is defined when all the actions of players who are participants of the game are 
observed. Additionally, each player believes that the action selection of the other players is executed 
based on their mixed strategies. Therefore, each player’s strategy is formulated as follows, 

 �� � � ��� � � �� � � � �
int

argmax ,i ii i

i i i i i i i i i i
a

u a u a
�

( � � )* �
�

��
��

� �� ��   �����i ���� ���   (4.1.5) 

where 0i) 		  is a smoothing parameter and the function �� �i i* �  is known only to player i  and is 
assumed to be a smooth, strictly differentiable, concave function satisfying the boundary condition 
that as i�  approaches the boundary of the simplex, the slope of i*  becomes infinite.  Fudenberg and 
Levine [1998] assumed the following entropy function, 

 �� � � � � �logi i
i i i i i i

a
a a* � � �

�
� � �� �i . (4.1.6) 

This formulation generates the so-called smooth best response function, 

 �� � � �� �
� �� � � �

1

1

exp ,

exp ,

i

ii i

i i i
i i i

i i i
b

u a
u

u b
)

)

�
(

�
�

�

�
�

� �
 expi

�i   (4.1.7) 

Equation (4.1.7) is a map from payoffs to choice probabilities which is the standard choice 
probability function from the additive random utility model of discrete choice theory [McFadden, 
1974] where the random utility ie  is distributed according to the double exponential function. Miyagi 
[1983] showed a duality relation between the entropy function and the satisfaction function (or log-
sum function) of the logit model using Frenchel’s duality theorem while Hofbauer and Sandholm 
[2002] used an analysis based on the Legendre transforms. These imply that the log-sum function is 
the optimized function of the random utility model and gives a potential function for a stochastic 
congestion game. However, the duality holds if and only if the random utility ie  is specified by the 
double exponential function. 

In this specification, each player can obtain the empirical frequencies 
1

i
tz��
�  as the estimators of the 

mixed strategies i� �� . In addition, it is assumed that at each stage, t , a player tries to maximize her 
utility by considering that the other players’ strategies are unchanged. Furthermore, the logit 
parameter, i

t) , is time-dependent and goes to zero as time goes to infinity. This leads to the following 
choice probabilities for player i  when selecting an action, 

 � �
�� �� �

� �� �
1

1

exp ,
, ,

exp ,

i
t

ii i
t

i i i
t ti i i i

t t i i i
t tb

u a
u a i

u b
)

)

�
(

�

�

�
�

� � �


� �i i� �t t�u �i �t( i

 expi

,i i,i � . (4.1.8) 

This implies that the payoff and the choice of each player are directly related. 
To show the equivalency of equations 4.1.7 and 4.1.8, it is necessary for the conditions, 
 �� � � �0 0,i i i i i

t t tz a u t� �� � � � �� and  as a.s.��t ���i i ��i i ��   (4.1.9) 

to hold. 
 
4.1.2. Classes of players: Partially informed-users and naïve users 
 

Players in a stochastic congestion game model are classified based on the assumed information 
restrictions imposed on them. This is shown in figure 4.1.1 below. Following Selten et al. [2004], Miyagi 



23 
 

and Peque [2012] (one of the contributions of this dissertation) introduced different classes of players 
defined by the player’s knowledge about the network conditions: the partially informed-users (PIUs) 
and the naïve users (NUs). PIUs can be further subcategorized into PIU with anticipated payoffs and 
PIU with announced payoffs. PIU with anticipated payoffs arise when the players know the structure 
of their own payoff function perturbed by a time-dependent and player-specific random term with a 
known distribution wherein they are able to derive the logit choice model [Miyagi, 1983], [Hofbauer 
and  Sandholm, 2002] (i.e. double exponential function). This assumption is similar to the SUE model, 
however, the random utility term in the SUE model isn’t player-specific and is stationary. Additionally, 
an SUE model assumes a distribution of choices but converts choice probabilities into choice fractions 
before the network loading. If, at the choice level, the choices of each players comes from a choice 
distribution, it is much reasonable to perform network loading first then to do the averaging after. 
Doing so would imply that choice distributions have a behavioral interpretation that captures the 
explorative learning of real travelers. Once this is assumed, the notion of equilibrium needs to be 
replaced by that of a limiting learning behavior after a large number of days which corresponds to a 
stationary distribution in case of stochastic dynamics or to a fixed point if the system is deterministic 
and well-behaved [Watling and Hazelton, 2003]. Moreover, a Monte Carlo simulation that samples 
from the population’s choice distribution replaces the iterative solution procedure. PIU with 
announced payoffs on the other hand, arise when players doesn’t know the structure of their own 
payoff function but can receive stage payoffs for all their actions at each stage from a central authority. 
Lastly, NUs can only receive the stage payoff of the action that they have chosen at an arbitrary stage. 
This assumption is usually used in simulation-based microscopic traffic simulation models. These 
classes are formally introduced below. 

Figure 4.1.1. Types of players in a transportation network  
 
 

Definition 4.1.1 (Partially informed-user with announced payoffs – PIU with announced payoffs): 
Each player i��  doesn't know the structural form of her payoff function nor any information about 
the other players j i�� ' �  in the transportation network. However, a central authority announces 
to all players, in hindsight, the observed realized payoffs of the actions taken by all the players in the 
transportation network, ,i i

tk i� � �,i i,i � . The central authority also announces the payoffs of the 
alternative choices not selected by any of the players, { }

ta k+� ' �{ }

ta k{ }

t
+++ � , and announces them to all the 

players. Based on this information, a player i  can estimate the actions values, � �i i
tV a , for i ia�� � i  

at stage t  and which she can use make decisions. Normally, a player’s payoff function for the PIU with 

announced payoffs is written as, � � �� � � �,i i i i i i i
t t ta u a a e a�� �� �i i� �t � �a u�i �� , where the distribution of i

te  is 

unknown and � � ,i i i i
t a a� �� � ,i i i i� �t a a� ,��� �  are provided after each stage. 
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Definition 4.1.2 (Partially informed-user with anticipated payoffs – PIU with anticipated payoffs): 
Each player knows the structural form of her own payoff function and is capable of observing the 
actions of all the other players at every stage. However, she doesn't know the structural form of the 
other players' payoff function. Each player can estimate the expected payoffs that she would receive 
by taking other actions i i ia k� ' �i ia ki � i  different from the action ik �� i  taken at stage t  through 
exploration while the actions of the other players 

1

i
ta��
�  are held constant. Furthermore, if each player 

believes that the other players' action selection is based on empirical frequencies, the anticipated 
payoff of an action i ia �� i  is given by the equation (3.2.3). Normally, a player’s payoff function for 

the PIU with anticipated payoffs is written as, � � �� � � �, ,i i i i i i i i
t t ta a u a a e a� ��� ��i i i�t � ,a a,i i, , where the 

distribution of i
te  is known and players can derive the logit choice function, 

 � �
�� �� �

� �� �
1

1

exp ,

exp ,

i
t

ii i
t

i i i
t ti i

t t i i i
t tb

u a a
u

u b a
)

)

(
�

�
�

�


� �i i�t t�u( i �
 expi

.  (4.1.10) 

Definition 4.1.3 (Naïve user - NU): Each player i��  doesn't know the structural form of her payoff 
function and those of the other players as well. In addition, each player does not know the state and 
the number of players in the traffic network. The only information available to her is the realized 

payoff,  � � �� � � �,i i i i i i i
t t ta u a a e a�� �� �i i� �t � �a u�i �� , obtained after selecting the action i ia � i  at stage t . 

Furthermore, the distribution of i
te  is unknown. 

The concept of the PIU with announced payoffs may be useful when simulating to build a traveler 
guidance system where a central authority observes the traffic conditions and make the information 
available to every player (i.e. traveler, driver) in the transportation network while the concept behind 
the PIU with anticipated payoffs reflects the assumptions that are usually used in traditional traffic 
assignment models where a planner knows the cost functions, the number of players and has the 
ability of searching for the minimum paths for each group of players.  
 
4.1.3. The stochastic congestion game formulation 
 

In chapter 3, a potential game was introduced. From a player’s perspective, it was shown that 
players’ behaviors are deterministic and the payoff function’s alignment to the potential function is 
exact. A more general type of potential game wherein the alignment assumption is relaxed is formally 
defined as follows. 

Definition 4.1.4. (Generalized ordinal potential games). A finite I �� player game with action sets 
� �i i��i i�

 and payoff functions �� �i i
u

�
 is a generalized ordinal potential game if i�� � , i ia�� �� � i  

and �� �,i i i ia a� � ��i �a � ii ��  and for some potential function, :$ �� , 

 �� � � � � � � �, , 0 , , 0i i i i i i i i i iu a a u a a a a a a$ $� � � �� 	 , � 	� � � � �, 0� �, �i i i i� � � i i��0� ,��, 0, � 0� $ $� �,,� �i ii i� � �� � �,,,� �� � . 
A generalized ordinal potential game also has the FIP.  

A less restrictive class of game which is more general than both the potential and generalized 
ordinal potential game which defines the dynamics of stochastic congestion games is called a weakly 
acyclic game. A weakly acyclic game requires only that at least one player’s payoff function is aligned 
with the potential function. This generalizes the potential game by accounting for possible 
probabilistic behaviors of the players by further relaxing the payoff function alignment assumption. 
Before defining weakly acyclic games, a better and best-response action and strategy will be defined 
first. 

Definition 4.1.5. (Better-response). An action i ia �� i  is a better-response of player i  to an action 
profile � �,i ia a� �,i ia a,  if �� � � �, , ,i i i i i i i iu a a u a a a� �	 � ��, ,�i i �a a a�, ,�i i � i . A mixed-strategy � �i i� ��� �i  is a better-

response of player i  to a strategy profile � �,i i� � � �,i i� �,i  if �� � � � � �, , ,
ii i i i i i iu u� � � � � �� �	 ���, ,�i i i�� � ��, ,�i ii i � �i . 
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Definition 4.1.6. (Best-response). An action i ia �� i is a best-response of player i to an action 
profile i ia�� �� i  of the other players if � �argmax , ,i

i i i i i i
a

a u a a a��� ���a � �, ,�i i i�� a, ,, �� i . A mixed-strategy 

� �i i� ��� �i  is a best-response of player i  to a mixed-strategy profile � �i i� ��� ��� �i  of the other 

players if � � � �argmax , ,i
i i i i i iu

�
� � � � ���� ���� � ��, ,�i i i�� �, ,, �� �i .  

Weakly acyclic games will now be formally defined as follows. 
Definition 4.1.7. (Weakly acyclic games). A finite I �� player game with action sets � �i i��i i�

 and 

payoff functions �� �i i
u

�
 is a weakly acyclic game if there exists a potential function, :$ �� , with 

the following property: For any action profile a  that is not a Nash equilibrium, i-- �  with an action 
ia , i ia�� ��� � i  and �� �,i i i ia a�� � ��i �a � ii ��  such that , 

 �� � � �, , 0i i i i i iu a a u a a�� ��� 	�, 0�i i,,  and �� � � �, , 0i i i ia a a a$ $�� ��� 	�, 0�i i,, . 
Figure 4.1.2 shows an example of a weakly acyclic game. The red directed links represent a loop with 
a probability that goes to zero as time approaches infinity. This means that eventually, it will stop at 
one of the Nash equilibria. The loop also implies that a weakly acyclic game doesn’t have the FIP. 

 
 
 
 
 
 
 
 
 
 

Figure 4.1.2. A weakly acyclic game 
 
 

Figure 4.1.3 below shows the relationship of these classes of games based on their imposed 
restrictions on players’ payoff functions showing weakly acyclic games as the most general and 
potential games as the most restrictive. 

 
 
 
 
 
 

 
 

 
Figure 4.1.3. Classes of games 

 
 
4.2. Learning schemes of players 
 

In order to solve the multi-agent model given by the PIU and NU, game theoretical and 
reinforcement learning algorithms will be used. In game theory, learning models are divide into 3 
major learning schemes [Tembine, 2012], 1.) strategy learning schemes – learning schemes that 
requires explicit information about the choices of the other players (i.e. each player observes the 
previous actions or strategies played by the other players and each player knows the structure of their 
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own payoff functions), 2.) payoff learning schemes – learning schemes that require the assumptions 
that players do not observe the previous actions or strategies played by the other players and each 
players do not know the structural form of their own payoff functions but they may or may not know 
the stage payoffs for each action. Payoff learning schemes normally employ stochastic approximation 
techniques (a brief review of stochastic approximation is given in Appendix A), and 3.) combined 
learning schemes – learning schemes that are a combination of the strategy learning and payoff 
learning schemes. The table below shows in which cases these learning schemes are applied based on 
the information restrictions imposed on the players. 

 
 Strategy learning Payoff learning Combined learning 

PIU with anticipated payoffs Yes No No 
PIU with announced payoffs No Yes Yes 

NU No Yes Yes 
 

Table 4.1.1. Learning schemes based on information restrictions 
 
 
4.3. Partially informed-user with anticipated payoffs 
 
4.3.1. Strategy learning algorithm 
 

The learning behavioral rules presented below are based on the assumptions that players know the 
structural form of their own payoff function and are capable of observing the actions of all the other 
players at each stage.  

Proposed in this dissertation is Algorithm A which is a family of adaptive partially informed-user 
algorithms for the partially informed-user with anticipated payoffs which consists of Algorithm A-0, A-
1, A2. In Algorithm A, players select a tentative best action (TBA) which is the action that produced 
the maximum payoff in the previous stage with high probability and the other actions uniformly. 
Variants of Algorithm A depend on whether the action selection process is player-specific and time-
independent or player-specific and time-dependent. Additionally, its convergence proof is based on 
Markov Chain and an all-or-none learning process. Algorithm A was created following the 
development of the original epsilon-greedy algorithm for a single player which is given by,  
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  (4.3.1) 

where �  is an exploration term and B  is the best-response set. Subsequently, Singh et al. [2000] 
proposed a vanishing exploration term, /t c t� �� , where c  is an arbitrary constant that decreases 
over time. However, they didn’t specify how to set the arbitrary constant which consequently affects 
the exploration term. Determining the exploration term is important as the convergence and the 
convergence speed depends on its value. A very small value might cause the algorithm to converge 
prematurely to an undesired stationary point while a very high value might cause the algorithm to 
converge very slowly. Marden et al. [2009] extended this to the multiplayer setting which uses a logit 
choice model, �� �i i

t a( , 
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,
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 for 

i i i i i
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i
afor a

 , (4.3.2) 

which makes the exploration term player-specific and time-dependent. However, equation (4.3.2) 
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would lead to undesirable sudden switches in each player’s choices because it is based directly from 
the previous stage. To avoid this, equation (4.3.2) can be modified to a form based from reinforcement 
learning [Sutton and Barto, 1998] that explicitly estimates mixed strategies, 
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, (4.3.3) 

where t3  is a strategy learning parameter. The exploration term is now given as a function of i
t( . 

Equation (4.3.3) can then be further modified to accelerate convergence, 
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The recursion below shows how a player using Algorithm A chooses an action at each stage t . 
1. Initialization: At the initial stage 0t �� , i�� �  randomly selects an initial action 

0

i ia � i . Player 

i  then assigns this action as her TBA, 
0 1
ˆ ˆi ik k�� , for the next stage. The action ˆitk  is included in her set 

of best actions defined as ˆ ˆ: : argmax ( , )
i i

i i i i i i i
t t t t

a
B k k u a z��

�

. 7� � �0 8
2 9i

ˆi i
t̂:: a: a: a  where 

 �� � � �, ( )i
i i i i i i
t t a

u a z a c a%�
�

� � ( )c( )
a�

(( . (4.3.5) 

2. Action selection: At each subsequent stage � �\ 0t�� � �\ 0� , a randomly selected player, say player i  

chooses her TBA,  ˆitk , with probability �� �ˆ 1t i i
t t tk w� � �  and the other actions ˆi i i

t tk a'' � i  with 

probability i
tw . The probability 1 i

tw��  is referred to as the player i ’s inertia allowing the player to 
select the TBA with a positive probability at each stage. Player i  then uses exploration to compare her 
TBA with the selected action. 

3. Tentative best action update: Strategies at each stage 1t �� , ,i
t i� ��  is determined by, 
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where � �i i
t a: � �i i�t a:  is a conditional Logit model defined as, 
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 , (4.3.7) 

where K  is a normalization factor and the Logit parameter i
t)  is automatically updated as follows, 

 � � � �1 1

1
, max ( ) ,0 ,i i i i i i i i i i i

t t t t t t tR R V a a a
t

) ) )� � �
� �� � � � � � ��  � � , ,� �i i i i� � 0� �t a,0 ,� � 0� �

�
�� �    . (4.3.8) 

The updating policy in equation (4.3.8), proposed by Miyagi and Peque [2012], makes the action 
decision rule greedy in the limit because a player’s regret vanishes as t ���  [Hart and Mas-Colell, 
2000], in that the probability with which a player selects the action with the maximum payoff tends 
to 1 as t ��� . Such policies are called greedy in the limit with infinite exploration (GLIE) [Singh et al., 
2000]. 

New action profiles, ta , are generated according to the probability distributions, t� . Equations 
(4.3.6) and (4.3.7) represent the re-planning (adaptive learning) process of each player which is 
dependent on whether the TBA was selected in the previous stages or not. The adaptive learning 
process defined by equations (4.3.6)-(4.3.8) will be called as Algorithm A-1. Equation (4.3.6) can be 
modified to, 
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This will be called as Algorithm A-0 in which players’ behaviors change faster compared to the 
weighted approach of Algorithm A-1. Alternatively, by replacing equation (4.3.7) of Algorithm A-1 with 
(4.3.7’), it becomes a model-free approach which is a variant of the joint strategy FP (JSFP) with inertia 
proposed by Marden et al. [2005]. This will be called Algorithm A-2. 
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Algorithm A-2 is an adaptive process with a player-specific and time-independent strategy while 
both Algorithm A-0 and A-1 are player-specific and time-dependent strategies. 

4. Return to Step 2 and repeat. 
 

4.3.2. Convergence property of the strategy learning algorithm 
 

Let us first consider a setting where at the beginning of each stage one individual is selected 
uniformly at random and is allowed to update her action based on the current number of players 
taking a zero or one action, i.e. � �0,1 ,i i� � �� �0,1 ,�i i� � � . The players are anonymous which means that it 
doesn’t matter who is selected at each stage. Let the system state, s , be defined by the number of 
players choosing action 1, i.e. Is I��  if all players chose action 1 while 0 0s ��  if no players chose 
action 1. The group of players who chose action 1 will be referred to as “learners” while the group of 
players who chose action 0 will be referred to as “non-learners”. Let action 1 refer to the case in 

Algorithm A when a player has chosen her TBA, i.e. �� �1
ˆ1 :i i i

t ta a k�� �  while action 0 refer to the case 

in Algorithm A when a player failed to select her TBA, i.e. �� �1
ˆ0 :i i i

t ta a k�� ' . This is a Markov chain 

generated by an individual-by-individual updating selection process [Jackson, 2008]. Let sp  denote 
the probability that an individual chooses action 1 conditional on state s  out of the other 1I ��  
players. It can be noticed that this conditional probability is directly proportional to the number of 
players playing their TBA. Given this, the transition probabilities from one state to another are 
completely determined by the vector �� �0 1,..., sp p p �� . The full list of transition probabilities are 
shown below, 
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Figure 4.3.1. Markov transition probabilities 

 
 

The figure below shows a snapshot of an example of state transitions for 3 players, � ��, ,a b c�� , ,a b c, ,� , 

with the actions �� �0,1ia �  as defined above which is a weakly acyclic game. 
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Figure 4.3.2. State transitions with 3 players and 2 actions 
 
 

The Markov chain in figure 4.3.1 has several nice properties. Provided that 0 1spBB B  for each s , 
any state is eventually reachable from any other state. This means that the Markov chain is irreducible. 
Moreover, there is a chance of staying in any state and so the Markov chain is aperiodic. Thus, these 
properties ensure that the Markov chain has a unique steady state distribution which can be found by 
solving the following equations, 
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which leads to, 
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Proposition 4.3.1. Suppose that a stochastic congestion game  is weakly acyclic and has a pure-

strategy Nash equilibrium. Then, the action profiles a  generated by a family of partially informed-user 
with anticipated payoffs algorithms, Algorithm A, converges to a pure-strategy Nash equilibrium 
almost surely as t ��� . 

 
Proof: The convergence proof of the algorithm is divided into two parts. The first is from the 

analyst’s perspective (system convergence) and the other is from the player’s perspective (individual’s 
strategy convergence). The analyst’s perspective is described by the individual-by-individual updating 
scheme discussed above.  

In order to complete the proof, the proof from the player’s perspective will now be presented. This 
will show how the state transition probabilities sp  are determined. Let { , }y y�{ ,,,� }  be the player 
states of the player’s all-or-none learning process [Atkinson and Crothers, 1964], [Bower and Theios, 
1964] where y  represents the state that a player is in the “learned (L)” state where she is considered 
as a learner (based on the analyst’s perspective) and yy  is the “guessed-error (GE)” state where the 
player failed in choosing her TBA which is considered to be a non-learner (based on the analyst’s 
perspective). At the initial period, all players are in the “guessed-error” state and the system is at state 

0s �� . A player’s learning process is repeated over discrete time periods �� �\ 0 {1,2,..., ,...}T t�  and 
once a player is in the state “learned”, the system state moves from state s  to 1s �� . The existence 
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of a constant transition probability from the “guessed-error” state to the “learned” state denoted by 
the parameter ((  defined as, 

 � �, \ 0
inf i

ti t T( (� � � � �� t( i( (inf i(�, \�, �\� . (4.3.13) 

will be assumed. 
The table below shows the transition probabilities between a player’s learning states and the 

parameter (( . 

 GE ( yy ) L ( y ) 

GE ( yy ) 1 (�� (  ((  

L ( y ) 0 1 
 

Table 4.3.1. Transition probabilities between a player’s learning states 
 
 

The table above shows that the Markov chain of the state transition from the all-or-none learning 
process is absorbing. The time-dependent Markov transition matrix after t  stages would then be 
given by, 
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Consider the probability, i
tpi
tp , after t  periods that a player i  still fails in choosing the best path. This 

probability can be expressed depending on the states to be considered, 
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t , (4.3.16) 
with the initial condition ,

1 1i yp �1 1i y,p 1y � . This can be written as, 
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Since a player always has a probability inf i
t T t� ��� � �� t� , equation (4.3.17) can be rewritten as, 
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Conversely, the probability that a player becomes a learner is given by the complement of ,i y
tpi y,

tp y , 
, ci y

tpi y,

tp
cy  defined as, 
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with the constraint 1ss
� �� , which can be combined to form, 
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By substituting ˆ ˆ,c cy i y
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From equation (4.3.19), all states in the vector �� � 1

0 1
ˆ , , I

I� � � �
�� �� 1

1

I� ��  approaches zero as t ���  
while the probability of state I�  will approach to 1.           

 
 
4.4. Partially informed-user with announced payoffs 

 
4.4.1. Payoff learning algorithm 
 

Suppose now that at the end of each stage, each player receives only a sample of the payoff for all 
actions in their action set, � � � � � �, ,i i i i i i i i i

t ta u a a e a a�� � � �� � � � � � ,� �i i i i i i i i i� � � � i� �t t� � � �, �a u a a e a a� � � a� �, ,� � �i i i i i i� � � � �� � , � � , provided by a central authority in 
hindsight. Since players can’t observe the actions of their opponents, payoffs must be estimated. A 
player tries to maximize her utility by choosing an action using the Boltzmann-Gibbs action selection 
procedure with a vanishing temperature parameter, i

t) , for her strategy selection given by the 
equation, 
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and Q-learning given by equation (4.4.2) for her payoff estimation, 
 � � � � � � � �� �1 1 ,i i i i i i i i i i

t t t t tQ a Q a a Q a aD� �� � � � �� � � � �i i i i� � � � �t t t� � � � �1 � � ��Q a Q a� � � � �1 � � �i i i i� � � �t t� � 1 � � � � � � �� i� � � ��1

i i i i i� � � ��t t� �� �a Q a a� � � ��1� � ,i i i i� � � ��� � � .  (4.4.2) 

To show the equivalency of equations (4.1.7) and (4.4.1), it is necessary for the condition, 
 � � � � 0,i i i i

tQ a a t� � ��� �i i� �tQ a� �i i� �t � �i i�a� �i i�  as a.s.   (4.4.3) 

to hold. 
The first algorithm with the form of equation (4.4.2) was proposed by Robbins and Monro [1951] 

which is a stochastic approximation algorithm. A Q-learning scheme denoted by equation (4.4.2) was 
first proposed by Sutton and Barto [1998] to show that a simple reinforcement learning scheme can 
be used to estimate the action values in a single agent task, � �1�� �1� . Leslie and Collins [2005] then 
proposed individual Q-learning to estimate action values for I �� players ( 1I 		 ), however, it was used 
in the naïve user setting. The parameter tD  is called the player’s payoff learning parameter which is a 
deterministic sequence satisfying the conditions, 

 �� �2

0 0t tt t
D D

� �
� � B � and . (4.4.4) 

A brief review of the development of stochastic approximation methods is given by appendix A. 

The best action set is then replaced by � �ˆ ˆ: : argmax
i i

i i i i i i
t t t t
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t
ˆi i
t̂: ai i: a:: a  while the strategy 

selection of each player is still based on Algorithm A. 
 

4.4.2. Convergence property of the payoff learning algorithm 
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Corollary 4.4.1. Suppose that a stochastic congestion game  is weakly acyclic and has a unique 
Nash equilibrium. Then the estimates, QQ , generated by a family Algorithm A for the partially informed-
user with announced payoffs problem converges to Nash equilibrium almost surely as t ��� . 

 

Proof: Let the function : ,i
Ni N i� � �

:i : ,
N Ni
N i �
N , be defined as follows, 

 � � � �1, , ( , )i i i i i i i
t tu Q u Q� �� �

�� �� � �1(� �i i i i� � (� � t, (� � (� � (� � (� � (� � �(� i i)t t) Q, )) t), )�i i�u ,i i ,   (4.4.5) 

Note that for all 0t 		 , it holds that i
tQ B �i
tQt B �  since it is the mean of finite values 

0 1, ,i i
tQ Q �0

iQ0

i
1

iQ . Also, 

note that iu  are continuous over the space NN . Thus, the function ii  is continuous and Lipschitz. If 
the learning rates follow the conditions in equation (4.4.4), it follows from Theorem 2 in [Borkar, 2008] 
that the estimates ,i

tQ i� �i
tQ i,i
t �  can be approximated by the system of ODE’s, 
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 , (4.4.6) 

where tq  is the autonomous, continuous, deterministic time dynamical system for 44 �0,t� � . 

Note that if convergence occurs, then the limit point 
*

iQ*

iQ*
 must be a zero of the system of ODE’s. Hence, 

it follows that for all i�� , 
 0,id

dt q �   (4.4.7) 
which implies that, 

 � �� �* *,i i i i
tQ u Q q� �� �� �i i i i� � tQ u q� �* �i i ii i� �� �� �i � �Q� �*�, i � � . (4.4.8) 

which completes the proof of Corollary 4.4.1.             
The set of ODEs in equation (4.4.6) has been shown to have a Lyapunov function for two-player 

zero-sum games [Hofbauer and  Hopkins, 2004], which implies that the trajectories described by 
equation (4.4.2) are globally convergent. Using the same reasoning, congestion games being a special 
class of potential games also possess a Lyapunov function, which is indeed, the potential function of 
the game [Perlaza et al., 2010]. Hence, if a Nash equilibrium minimizes the potential function, it follows 
that the trajectories of equations (4.4.2) converge to the Nash equilibrium of the game which is the 
expectation of the realized payoffs. 

 
 
4.5. Naïve user  
 

Naïve users arise when the random utility term in the player’s payoff has an unknown distribution 
and players only observe the payoffs they received from the action they have chosen in a given stage. 
A setting where the traditional equilibrium traffic assignment models does not apply. Assuming that 
travelers are naïve users is more realistic and plausible as travelers normally lack the resources to 
acquire information about network conditions in a transportation network. Normally, when travelers 
do acquire some information, it isn’t real-time (an assumption used for PIU with announced payoffs). 
More importantly, this assumption is usually used in simulation-based microscopic traffic simulation 
models. Thus, the multi-agent model developed in this dissertation can be used as a theoretical 
framework for both traditional equilibrium traffic assignment models and simulation-based 
microscopic traffic simulation models. 

There have been many learning models proposed in which players make decisions based on partial 
information derived from prior experience. Players simply respond to observations of the rewards 
they received for playing actions. A simple and successful approach was used by Sutton and Barto 
[1998] to solve a single-agent multi-armed bandit problem. However, as the name of the problem 
implies, it is only applicable for problem with a single agent or player. The interpretation of a single 
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player in transportation is related to the case where the population of travelers in the transportation 
network are homogenous where choice distributions are interpreted as the choice fractions. Single-
agent learning was extended using Borkar’s two-timescales stochastic approximation [Borkar, 1997] 
and generalized by Leslie and Collins [2003] to a multiplayer (multi-agent) setting. Learning schemes 
normally used in game theory using the multiple-timescales approach mostly use the Boltzmann-Gibbs 
action selection scheme with the payoff estimation performed by the Q-learning procedure that are 
independent of each other, oblivious to the effects of changes in other players’ actions on their payoffs. 
However, the temperature coefficient (logit or dispersion parameter) is either constant [Leslie and 
Collins, 2005], [Cominetti et al., 2010], has an annealing schedule [Claus and Boutilier, 1998] or goes 
to zero [Miyagi and Peque, 2012], [Chapman et al., 2013]. An approach that uses neither the 
Boltzmann-Gibbs action selection scheme nor the Q-learning procedure was given by Hart and Mas-
Collel [2001] which uses a conditional no-regret learning rule and by Marden et al. [2009] in which 
players admit perturbations in their rewards. Marden et al’s [2009] method was proven to converge 
to pure-strategy Nash equilibrium in weakly acyclic games, however, it requires that several 
parameters to be set in advance which implies that a player must have sufficient “a priori” knowledge 
of the problem at hand or had set the parameters in a conservative manner since otherwise, if 
incorrectly set, the algorithm may fail to converge. This is one of the challenges encountered under 
the naïve user setting which is the reason an automatic updating dispersion parameter based on the 
no-regret learning rule is introduced in this dissertation as it implies that players only use the 
information that are part of the model of the problem at hand. 

A more sophisticated approach that is used to solve the problem is known as the actor-critic 
learning. The actor is the player’s strategy learning scheme while the critic is the payoff learning 
scheme which are both estimated by independent stochastic approximation processes. Players 
maintain separate value functions and strategies and map the value function to the strategy space in 
order to update the strategy. It has been used in several learning approaches to learning in games 
[Borkar, 2001], [Bowling and Veloso, 2002], [Leslie and Collins, 2003], [Leslie and Collins, 2006]. Since 
a naïve user problem is complex due to the non-stationarity of its environment caused by unknown 
link cost functions and players’ interactions we use an actor-critic learning algorithm to solve it. 
 
4.5.1. Boltzmann-Gibbs actor-critic algorithm 
 

An actor-critic algorithm prevents a player to suddenly switch actions as an immediate reaction to 
the previous stages’ payoffs. In an actor-critic process, each player has both an actor component (the 
current strategy) and a critic component (estimates of action values) which is used to inform the actor 
(i.e. update the strategy). Leslie and Collins [2006] provided a Lemma which was proven that if at each 
stage of the process, i

t�  will be adjusted towards a smooth best response based upon the estimates 
ˆ i

tQ , while ˆ i
tQ  will be updated based on the observed payoff. The strategies, t� , will follow a 

generalised weakened fictitious play (GWFP) process. Therefore, the GWFP process will first be 
introduced below. 

The generalised weakened fictitious play (GWFP) actor-critic algorithm was proposed by Leslie and 
Collins (2006) for the naïve user case where they proved that with probability 1, the mixed-strategies 
follow a GWFP process. However, the generalised weakened fictitious play was proposed as an 
extension of the weakened fictitious play by van der Genugten (2000) normally considered for games 
wherein players’ actions can be observed which is closely related to the PIU with anticipated payoffs. 
Additionally, the GWFP process considers a vanishing best-response perturbation as a mechanism for 
speeding up the convergence of fictitious play which implies that strategies are also estimated 
according to a stochastic approximation process. 

Before a GWFP process is formally defined, let �� �i ib � ��  be the best-response set of player i  to the 

mixed-strategy i� ��  and let, 
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�� � � � � � � �� ��� �: , ,i i i i i i i i i i ib b� � � � � � � ���� � � � �� � � �� � � � �� ,� �,� � � i i� �i i i i i� � � �i i i i i� � � �� � � �� ,� �: ,,� � � � �� : ,,� � �i � : � � � .  

That is, the set of player i ’s strategies perform not more than �  worse than her best-response. 
The joint � �� best-response to the mixed-strategy profile �  is defined as the set, 

�� � � � � � � �� �1 , , , ,i i i ib b b b� � � �� � � �� � �� � � � ��i i i� �i ii i� �� �� �, , ,� � ��b b� �, , ,� �i ii i� � �, , ,� � b, , ,� � � i���� .  

Definition 4.5.1. (GWFP process). A generalised weakened fictitious play process is any process 
�� �

1t t
�

�
, with t�  such that, 

�� � � �� �1 1 1 11
tt t t t t tb M�� 3 � 3 �� � � �� � � � ,      

with an 0t3 ��  and 0t� ��  as t ��� , 

1 tt
3

��
� � , 

and �� �
1t t

M
�

 a sequence of perturbations such that, for any 0T 		 , 

� �1 1

1 1 1lim sup : 0
k k

t k s s ss t s t
M T3 3

� �

�� � � �� �
= �  . 

In other words, the current strategies are adapted towards a (possibly perturbed) joint � �� best-
response. Leslie and Collins (2006) showed that allowing non-zero t� , letting t3  be chosen differently 
and allowing (certain) perturbations does not affect the convergence result. This is presented as a 
Lemma below. 

Lemma 4.5.1. If strategies t�  follow a process, 

 �� � � �1 1 1
ˆ1

nt t t t tb Q�� 3 � 3� � �� � � ,  (4.5.1) 

with 0t3 ��  and 0t� �� , and if �� �ˆ 0t tQ u �� �  as t ��� , then t�  follow a generalized weakened 

fictitious play process. 
They then proposed the following Boltzmann-Gibbs actor-critic process under the naïve user setting 

based on Lemma 4.5.1, Lemma 7 in Leslie and Collins [2006] and the Borel-Cantelli Lemma which 
follows the generalized weakened fictitious play with probability 1, 
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, (4.5.2) 

where � �ˆi i
t tQ( � �� ˆi i�Q̂( i  is given by the equation (4.4.1) with a time-dependent i

t)  given by, 
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where �� �t C t 3E
33 �

� � , 0C3 		 , �� 50.5,13E � , �� �� �i i i
t tC c a

DE

DD
�

� � , 0CD 		 , �� � � �i i i i
t ss

c a a a� � � �i i� s�a a� i� s� ,

��0.5,D 3E E� �  and �� �0,� 3 DE E E� � . 
The same Boltzmann-Gibbs actor-critic process is proposed in this section based on equation 

(4.5.2). However, the i
t)  is updated by equation (4.3.8) rather than the equation (4.5.3). Using the 

regret-based automatic updating scheme for the dispersion parameter eliminates the need to specify 
�E  which implies that players only need to know their action-learning and payoff-learning rates. 

Moreover, the convergence property would be the same with the actor-critic process they have 
proposed. 

 
 

4.5.2. Convergence property of the actor-critic algorithm 
 
Corollary 4.5.1. Suppose that a stochastic congestion game  is weakly acyclic and has a pure Nash 



35 
 

equilibrium. Then, the mixed strategy profiles, t� , generated by the Boltzmann-Gibbs actor-critic 
algorithm for the naïve user problem follows a generalised weakened fictitious play with probability 1. 

Proof: The proof follows the proof given by Leslie and Collins [2006] and shall be omitted. 
 
 

4.6. Chapter summary 
 

In this chapter, the multi-agent model is introduced. The (deterministic) congestion game 
presented in the previous chapter is extended to account for the probabilistic route choice decisions 
of drivers in the form of a stochastic congestion game model. This is achieved by adding a player-
specific and time-dependent random term in each player’s payoff function. As a consequence, two 
different classes of players can be specified, namely, the partially informed-users (PIU) (with 
anticipated and announced payoffs) and the naïve users (NU) which unifies all assumptions currently 
employed by existing models on drivers’ route choice behaviors. Due to the probabilistic nature of the 
drivers’ route choice decisions, a stochastic congestion game model is used to characterize the 
transportation network’s dynamics. It was shown that a stochastic congestion game is a more general 
form of game with a potential function called a weakly acyclic game. 

In order to solve the multi-agent model, learning algorithms from game theory and reinforcement 
learning are introduced. These learning algorithms are classified based on the classes of players 
mentioned above. Strategy learning algorithms for the PIU with anticipated payoffs and, payoff and 
combined learning for the PIU with announced payoffs and NU. 

The PIU with anticipated payoffs problem was solved by using a family of epsilon-greedy algorithms 
called Algorithm A. Algorithm A is classified into a player-specific and time-dependent, and a player-
specific and time-independent algorithm and is proven to converge using Markov Chain and an all-or-
none learning process. The PIU with announced payoffs problem was solved using Algorithm A for 
strategy selection which is updated by payoff estimates computed using a stochastic approximation 
method called Q-learning. Its convergence proof is shown using the ODE method. Lastly, due to the 
complexity of the NU problem, an actor-critic algorithm is used. In an actor-critic process, each player 
has both an actor component (the current strategy) and a critic component (estimates of action 
values) which is used to inform the actor (i.e. update the strategy). Both the actor and critic 
components are updated using stochastic approximation algorithms.  

To account for the non-stationarity of the transportation network and drivers’ route choice models, 
and to reduce exogenous parameters in the drivers’ decision making, an automatic updating, regret-
based dispersion parameter is introduced. Hart and Mas-Colell [2000] proved that regret vanishes as 
time approaches infinity which implies that the drivers in the transportation network will be making 
deterministic rather than probabilistic decisions. Additionally, this implies that drivers are learning 
through their experiences which supports the “learning model” specification of the multi-agent model. 
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CHAPTER 5 
 

APPLICATION OF THE MULTI-AGENT MODEL TO THE 
STATIC TRAFFIC ASSIGNMENT PROBLEM 

 
The efficacy of the developed multi-agent model in the previous chapter is tested by first checking 

if a transportation network with a well-defined link cost function can be solved, a specification used 
in traditional equilibrium models. Finally, transportation networks with ill-defined link cost functions 
such as the step and asymmetric link cost functions are used to check if the results obtained in the 
previous chapter would still hold.  

 
 

5.1. Simulation conditions for the test network 
 

Simulations for the static traffic assignment problem are conducted using the test network shown 
below. It is assumed that each player has the same set of actions, {1,2,3},i i� � �{1,2,3},i i� � �  (set of available 
routes). There are 8 players in the network composed of a single origin-destination (OD) pair with 3 
routes. The flow conservation is described by the equation ( ) , {1,2,3}

k
I h k

�
�� � ( )h( {1,2,3} . 

 
 
 
 
 

 
 

Figure 5.1.1. The test network with the link-path incidence matrix 
 
 
These simulations combine the results for the three classes of players using the learning algorithms 

(Algorithm A for PIU with announced and anticipated payoffs problem and the Boltzmann-Gibbs actor-
critic algorithm for the NU problem) discussed in the previous chapter and their convergence to Nash 
equilibrium. The multi-agent model is first tested to check if it is able to solve the traffic assignment 
problem normally solved by traditional equilibrium traffic assignment models which uses well-defined 
link cost functions. Then it is tested to check if it is able to solve ill-defined link cost functions such as 
the step and asymmetric link cost functions wherein the traditional equilibrium models fail to obtain 
a stable and consistent solution. 
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5.2. Test for convergence on a network with well-defined link cost functions 
 
5.2.1 A network with nonlinear link cost functions 
 

This subsection uses the Bureau of Public Roads (BPR) link cost function to check if the multi-agent 
model can obtain a solution that traditional equilibrium models can achieve. The function is given by 

0,
ˆ( ) (1 ( ) )f f C 3
 
 F� �) 0, ) )f0, ( (0, (10( f
 ( 0f 0) 0) 0 , where 

0,
̂  is the link’s free flow travel time, CC  is the link capacity and 
( )f
 ( )f
  is the average travel time of link �� .  The values 4.0 0.15and3 F�� �  are used in the 

simulation. As for the other parameters, the free flow travel time is given by 44 50̂ 4,5,5,4,1
 ��  and the 

link capacity vector is given by 44 56,2,2,6,4C �� .  
The Wardrop equilibrium is designed to coincide with the Nash equilibrium solution in this 

simulation to check if the multi-agent model together with its learning algorithms can converge to it. 
Since traditional equilibrium models use Wardrop equilibrium as the solution concept that 
characterizes a user equilibrium solution, convergence in this simulation would imply that the multi-
agent model is indeed effective. The route cost vector which is both a Wardrop and a Nash equilibrium 
solution is 44 5*ˆ 10.35 10.35 10.35c ��  where the distribution of the players on each route is given by 

44 5*ˆ 2 4 2h �� . 
 

 
Figure 5.2.1. Simulation results for a network with BPR link cost function 

 
 

The simulation of the network with nonlinear (BPR) link cost functions were conducted for all 
classes of players (PIU with announced and anticipated payoffs and NU) in which the Nash equilibrium 
was achieved within 5000 iterations. From the figure above, the PIU with anticipated payoffs 
converged quickly (represented by the blue line) after only less than 10 iterations for the reason that 
players have complete and perfect information of the network conditions in the transportation 
network. Although it is shown that the NU converged quickly as compared to the PIU with announced 
payoffs, convergence of the PIU with announced payoffs to Nash equilibrium is always guaranteed 
due the TBA employed by each player. The convergence of the NU, however, is guaranteed only for 
the � �� Nash equilibrium due to the information restriction imposed on the players, although, the 

TR
AV

EL
 T

IM
E 

NUMBER OF VEHICLES 



38 
 

figure above shows that all the three classes to converged to the same equilibrium. Based on the 
simulation results, it is shown that a multi-agent model is capable of solving transportation networks 
with well-defined link cost functions solvable by traditional equilibrium traffic assignment models. 

 
 

5.3. Test for convergence on networks with ill-defined link cost functions 
 
5.3.1 A network with a non-continuously differentiable link cost function 
 

Traditional equilibrium traffic assignment models normally assume convex, continuously 
differentiable and strictly increasing link cost functions. However, situations where a discontinuous 
link cost function caused by tolls on roads, discrete demand representation etc. causes the link cost 
function to be discontinuous and/or increasing (not strictly increasing) with respect to the demand. 
This situation can be captured by a step link cost function. In this simulation, a step link cost function 
is used on link 5 of the test network above. The step link cost function on link 5 is dependent on the 
specific number of drivers using route 3 which simulates a toll on this particular link to decrease the 
number of drivers using route 3. When the number of drivers using route 3 reaches a certain amount, 
the cost of using link 5 increases by some predetermined value. Additionally, an upper bound on the 
cost increase is introduced to add complexity and realism. Also, the link cost functions used on links 1 
through 4 are the nonlinear link costs used in the previous simulation.  

The link step function on link 5 is given by, �� �� �35 11 f
 
�� � , where �� �3 5f
 ��  if 3 2f == , 

�� �3 10f
 ��  if 3 3f == , �� �3 15f
 ��  if 3 4f == , �� �3 20f
 ��  if 3 5f == , �� �3 25f
 ��  if 3 6f ==  else 

�� �3 30f
 �� . The equilibrium values with this setting are 44 5*ˆ 82 80 82c �� � � �  for routes 1, 2 and 3, 

respectively, where all players choose to traverse route 2, 44 5*ˆ 0 8 0h ��  since the cost on link 5 
becomes constant when it exceeds a flow greater than 6. 

 

Figure 5.3.1. Simulation results for a network with a step cost function 
 
 
A transportation network with a step link cost function cannot be solved by traditional equilibrium 

models due to the assumptions mentioned above. However, as shown in figure 5.3.1, the multi-agent 
model can solve this as well. More importantly, the result shows that a Nash equilibrium is achieved. 
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Additionally, the figure above shows that the PIU with announced and anticipated payoffs converged 
quickly while the NU is slowly converging, possibly, to the same value. Both the PIU with announced 
payoffs and the NU estimates of the payoff seems to be slowly converging to the same value, -80. 
However, even after 5000 iterations it still cannot be completely determined. The strategies of the 
players, however, were moving towards the action with the action value of -80 which is route 2 (not 
shown here). 

 
 

5.3.2 A network with asymmetric Jacobian link cost functions 
 

Asymmetric problems cover a large amount of problems such as multiple user class (MUC) 
assignment, responsive traffic signals, network with priority junctions and joint travel choice models 
[Watling D., 1996]. An asymmetric Jacobian link travel time function represents a non-separable 
function where link flows are dependent on other links. Normally, these can be solved using Method 
of Successive Averages (MSA)-like methods [Cascetta E., 1989]. These methods have slow 
convergence as the step size becomes smaller in the later iterations. More importantly, convergence 
isn’t guaranteed. However, the result of the simulation shown in figure 5.3.2 shows that a multi-agent 
can guarantee convergence and stability for these types of functions. This result is very significant due 
to the real world situations it is able to characterize. 

The asymmetric Jacobian link cost functions are as follows, 
 A Bf
 �� � , (5.3.1) 

where, 
 44 5A 50 63 63 50 10

T�� , (5.3.2) 

 

1 0 1.5 0 0.5

0 4 0 0.5 0.5

B 0 0 4 0 0

0 0 0 1 0
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�� �
� �
� �
� ��
� �
� �
� ��  

. (5.3.3) 

 

 
Figure 5.3.2. Simulation results for a network with asymmetric link cost functions 
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The figure above shows that the simulation of the PIU with anticipated payoffs immediately 
converged to the Nash equilibrium as expected. However, the PIU with announced payoffs seemed to 
converge very slowly. Since the links are interdependent, the announced payoffs of the routes change 
significantly due to sensitivity. This causes the payoff estimates of the action values to be significantly 
altered. The trajectory, however, is moving to the same equilibrium value determined by the PIU with 
anticipated payoffs simulation. On the other hand, the NU simulation has converged quickly to the 
equilibrium solution. The sensitivity of the link values were dampened by the stabilization term of the 
strategy estimates employed by the actor-critic process. 

 
 

5.4. Chapter summary 
 
The efficacy of the multi-agent model under the different classes of players is tested.  
First, a simulation is conducted to check if the multi-agent model can solve problems normally 

solved by traditional equilibrium models by simulating a test network with well-defined link cost 
functions. The Wardrop equilibrium and Nash equilibrium, a solution concept used for traditional 
equilibrium models and the multi-agent model, respectively, are designed to coincide to verify this. 
Simulation results showed that the multi-agent model converges to the Nash equilibrium solution 
which verifies the mathematical results obtained from the previous chapter.  

Finally, simulations are conducted to check if the multi-agent model can achieve convergence and 
stability where traditional equilibrium models failed. Simulations using a transportation network with 
step and asymmetric link cost functions were conducted. In the case of the transportation network 
with a step link cost function on link 5, results showed that a Nash equilibrium was achieved. In the 
case of the transportation network with asymmetric link cost functions, a similar result was achieved. 
The results of the simulations of transportation networks with ill-defined link cost functions are very 
significant as these situations cover a large amount of problems in the real world. Moreover, an 
asymmetric link cost function captures the realistic interdependencies of the links with respect to the 
link flows. 
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CHAPTER 6 
 

DEVELOPMENT OF THE MULTI-AGENT, SIMULATION-
BASED DYNAMIC TRAFFIC ASSIGNMENT MODEL 
 

In this chapter, an introduction to the motivation for developing a multi-agent, simulation-based 
dynamic traffic assignment (DTA) is discussed. An overview of some widely known traffic simulation 
models (macroscopic and microscopic models), which are the bases of simulation-based DTA models, 
is presented from the perspective of traffic assignment.  Due to the discrete nature of a multi-agent 
model, an emphasis is given on microscopic models in which a detailed discussion is given. Additionally, 
reasons for the development and significance of these models are discussed. Finally, the multi-agent, 
simulation-based DTA model and an algorithm to solve it is introduced. 

 
 

6.1. Introduction 
 

This chapter is motivated by the need to develop comprehensive and sophisticated traffic 
simulation procedures that include traffic flow simulation in which drivers’ decisions on route choice 
are interactively connected to the realized travel costs generated by a traffic simulation. Although 
simulation-based traffic assignment models have been developed based on a wider range of network 
loading procedures such as macroscopic, mesoscopic and microscopic models [Treiber and Kesting, 
2013], among them, this chapter focuses on the day-to-day traffic dynamics generated by the 
microscopic traffic loading procedure because it describes the individual route choice and the 
resultant traffic flow on the transportation networks. However, the convergence properties in 
dynamic route choice behavior based on microscopic simulation are not yet fully established because 
travel times (costs) of the trips generated by microscopic traffic simulation are not continuous and all 
of the link performance functions of the road segments are not known in advance. Most of the 
traditional approaches rely on an updating formula based on the classical stochastic approximation 
theory such as the method of successive averages (MSA). A more sophisticated approach is needed to 
solve this problem. 

In the modeling of travelers' route choice behaviors, it is normally assumed that 1.) each traveler 
knows the structural form of her and the other travelers' payoff functions (i.e., payoff functions are 
common knowledge), 2.) each traveler observes the other travelers' behaviors, 3.) each traveler can 
calculate the best route based on the average travel time along each link in the route, and 4.) all 
travelers know that there exists an equilibrium in the system. From a behavioral point of view, these 
assumptions appear to impose too strong rationality. Miyagi and Peque [2012] introduced these two 
concepts, partially informed-user equilibrium (PIUE) and naïve-user equilibrium (NUE), which focuses 
on the importance of travel information on a driver's day-to-day route choice. A partially informed-
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user (with announced payoffs) is assumed to have no knowledge about the link performance functions, 
however, the user can obtain travel information about each route available to her from the traffic 
management center (TMC) after each trip. Whereas a naive user has no information except for the 
realized travel time of the route that she has selected for that day. The issue is if route choice behaviors 
with no knowledge about link performance functions can really yield plausible flow patterns. 

This problem has been addressed in different ways in game theory and computer science [Chapman 
et al., 2013], [Cominetti et al., 2010], [Leslie and Collins, 2005], [Leslie and Collins, 2006], [Marden et 
al., 2009], [Young, 2009]. Miyagi [2004; 2005; 2006] has applied a reinforcement learning, game 
theoretical algorithms and a combination of the two to drivers’ route choice in transportation 
networks and examined the validity of game theoretical algorithms by showing its applicability to 
networks with ill-defined link performance function or with randomly fluctuating travel costs. 
However, the models developed by Miyagi assumed that a player is infinitely divisible. Subsequently, 
Miyagi and Peque [2012] developed algorithms for the case where players are assumed to be atomic 
which are directly applicable to the multi-agent microscopic traffic simulation model being discussed 
in this chapter. 
 
 
6.2. An introduction to traffic simulation models 
 
6.2.1. A macroscopic traffic simulation model 
 

Flow-based or macroscopic models doesn’t discern individual vehicles but describe traffic as a kind 
of “fluid”, hence, the dynamics of traffic flow in these models are normally described using differential 
equations.  

The first fluid-dynamical description of traffic flow was given by Lighthill and Whitham [1955] called 
the Lighthill- Whitham model which consists of the continuity equation, 

 0
t x
E EG

H H
� �

H H
,  (6.2.1) 

where E is the density and G is a velocity field, and a velocity density relationship � �G E� � �E� . This gives 
the kinematic wave equation, 

 � � 0
t x
E E E

H H
� �

H H
� �

x
� �E E� �� � H

xxx
,  (6.2.2) 

where � � � �d
dt

E E E�� � � �d
dt

E E E� �
dt

 is the velocity of the kinematic waves. Limitations of this model were 

discovered and was subsequently developed by the authors [Kühne, 1984], [Kerner and Konhäuser, 
1993], and [Helbing, 1995]. 

A major drawback of these models is the amount of computational requirement when used in 
dynamic traffic assignment. 
 
6.2.2. A microscopic traffic simulation model 

 
Vehicle-oriented or microscopic models describe the movement of individual vehicles through a 

network. From the point of view of traffic flow theory, vehicle-oriented models do not model vehicle-
to-vehicle interactions. However, despite this fact, microscopic models introduced here will be 
discussed from a car-following model perspective.  

Facts about driving behaviors that can be derived from everyday experience are the following 
[Gawron, 1998], 

1.) Most of the time, the dynamics are collision-free. 
2.) Maximum velocity, acceleration, and deceleration are bounded by physical limitations of the 

cars and the drivers. 
3.) Most of the time, we only look forward and in “first order approximation”, we only react to the 
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car directly in front of us. 
4.) Drivers need some time to react. 

However, these seemingly simple facts still allow for many different modeling approaches such as 
delayed differential equations [Wiedemann, 1974], coupled maps and cellular automata (CA).  

The most minimalistic model used in microscopic simulation is the cellular automata (CA) model in 
which time, space, and the internal state are discretized. While a CA model was first proposed by 
Cremer and Ludwig [1986] and Schütt [1991], the most prominent CA model was developed by Nagel 
and Schreckenberg [1992] called the Nagel-Schreckenberg (NaSch) model.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6.2.1. The Nagel-Schreckenberg driving behavior 
 

 
In a NaSch model, the road segment is divided into cells. In the original NaSch model, these cells 

were aligned into a single row whose ends were connected so that all cells make up a circle. Each cell 
is either empty or occupied by one vehicle, i , which has a discrete speed iv  varying from zero to 

max

iv , 
where 

max

iv  is the maximum (or the desired) speed of the vehicle. Time is discretized into time steps, 
t� , normally in the order of 1 second. A cell only exchanges transported units with its neighboring 

cells directly within one time step based on the following four actions conducted in the order from 
the first to the last which is applied to all vehicles, i�� � , shown in figure 6.2.1. 

1.) Acceleration: �� � � �� �max: min , 1i i iv t t v v t��� � � . 

2.) Deceleration: �� � � � � � � �� �1: min ,i i i iv t t v t t x t x t� � ��� � � � . 
3.) Randomization: The speed of all vehicles that have a velocity of at least one is reduced by one 

unit with a probability bp , called the braking probability. �� � � �� �: max 1,0i iv t t v t t� ��� � � � . 

4.) Movement: �� � � � � �: 1i i ix t t x t tv t� ��� � � � . 
The braking probability represents the rate of speed reduction of a driver even if there are no 

vehicles that exist directly in front of it. These four actions are repeated until a stopping criterion is 
met.  

Although the driving behavior is described by very simple rules and even if finite deceleration isn’t 
modeled at all, the NaSch model can reproduce the fundamental properties of traffic flow. However, 
an important characteristic of traffic flow isn’t captured by the NaSch model wherein the flow 
becomes unstable at a certain critical density. In this state, known as the metastable state, there is a 
non-zero probability (directly proportional to the density) that a traffic jam would occur and flow 
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would break down. This can be observed in real-world data and is the reason for the characteristic 
“reverse lambda” shape in a fundamental diagram. For this reason, Krauß [1997] proposed a model 
that generalizes the driving behavior described by the NaSch model which captures the metastable 
state during a simulation.  

Krauß’ model can be viewed as a minimal model satisfying the four facts mentioned above and the 
assumption that imperfections in driving behavior can be modeled as a stochastic fluctuation of the 
velocity. Taking into account the maximum deceleration, 

max

ib , the safe velocity is expressed as,  
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Krauß then extended the update rules of the NaSch model to, 
1.) Speed update: �� � � �� �max: min , ,i i i i

safev t t v v t v3�� � � . 

2.) Randomization: �� � � �� �: max ,0i i i i iv t t v t t 3 � I� �� � � � . 

4.) Movement: �� � � � � �: 1i i ix t t x t tv t� �� � � � , 

where i3  is the vehicle acceleration, 44 50,1iI �  is a uniformly distributed random variable and i�  is a 
parameter controlling the amplitude of the noise in the vehicle’s acceleration. Krauß showed that 
depending on the maximum acceleration and deceleration, the model unifies three well-known 
classes of models into one family. One class shows a continuous representation of the NaSch model, 
another class shows the metastable states which are observed in real-world data, and another class 
shows no structure formation at all. The Simulation of Urban MObility (SUMO) software, which is used 
in the next chapter for the simulation-based DTA, uses the class that shows the metastable states. 

 
 

6.3. Issues of traditional equilibrium traffic assignment models and open issues of microscopic traffic 
simulation models 

 
Nesterov and de Palma [2004] pointed out some inconsistencies of the Beckmann model 

[Beckmann et al., 1956] with the physical laws regulating traffic congestion. In the Beckmann model, 
solutions can lead to a flow on the link that is bigger than its capacity. Additionally, links aren’t 
interdependent. Moreover, a small flow may correspond to two completely different situations for 
the same road segment: either the road is almost empty (high speed – low travel time) or the road is 
congested (low speed – high travel time). Finally, travel time is a non-decreasing function of the flow. 
Consider the fundamental identity, flow speed density�� � , by assuming a constant density of cars, an 
increase of the flow must correspond to a proportional increase of the speed with a subsequent 
decrease of the travel time which contradicts the monotonicity of the travel time with respect to flow. 

In general, the analytical (static and dynamic) traffic assignment models are either not capable of 
modeling congested networks or too complex to be solved for large networks. When calculating the 
route choices for use in a traffic simulation, these analytical models have also the disadvantage that 
the link performance function used in the traffic assignment model may not be consistent with the 
travel times in the simulation model. Furthermore, a realistic modeling of flow propagation and of the 
intersections is difficult within the analytical models. 

Therefore, it isn’t surprising that traffic assignment models based on traffic simulation models have 
been proposed by several authors [Leonard et al., 1989; Rakha and van Aerde, 1996; van Aerde et al., 
1996; Mahmassani et al., 1995; Ben-Akiva et al., 1997; Ben-Akiva et al., 1998; Chabini and He, 1998]. 
A major shortcoming of simulation-based DTA models, however, is that studying convergence and 
stability of these models is difficult. Specifically, due to the discontinuous travel times (costs) 
generated by a microscopic traffic simulation. Moreover, all of the link performance functions of the 
road segments are not known in advance and must be estimated over time. For this reason, a multi-
agent simulation-based DTA model is developed in this chapter to overcome this limitation. 
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6.4. Significance of the simulation-based DTA  
 

One of the key features of intelligent transportation systems (ITS) is to allow an interactive 
communication between drivers and the Traffic Management Center (TMC): each vehicle’s location 
sequences are transmitted to the TMC and each driver can get the information including the 
congestion level of each segment in road networks. In Japan, some automobile companies individually 
provide such services to their customers. Transportation planning and management authorities are 
increasingly seeing the need for high-fidelity traffic models with a temporal resolution that captures 
day-to-day and within-day dynamics, queuing and congestion patterns. These capabilities are 
necessary for short-term planning and operations management. The Ministry of Land use, 
Infrastructure, Transport and Tourism (MLITT) started a project to build effective transportation 
systems by using such big data of travel information that are managed separately among the 
automobile companies to produce nowcasts. Nowcasting is expected to be one of the key elements 
in highly-advanced and complex transportation management systems. Since simulation-based DTA 
models use a traffic simulator to replicate the complex traffic flow dynamics critical in developing 
meaningful operational strategies for real-time deployment. Simulation-based DTA models should 
take on the key role in nowcasting for congestion patterns. 
 
 
6.5. A multi-agent, simulation-based DTA model 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6.5.1. A SUMO iterated simulation-based DTA 
 
 
The multi-agent, simulation-based DTA model is a combination of the multi-agent model developed 

in chapter 4 and a microscopic traffic simulation model. In this dissertation, SUMO is used for 
microscopic traffic simulation which itself is composed of other different models.  

The multi-agent simulation-based DTA model relies on SUMO for the microscopic traffic simulation 
of the DTA. After the DTA, the travel times generated by the simulation are passed on to the drivers 
(a TMC computes the average travel times of all possible routes which are provided to the drivers) 
which are used to update their route choice probabilities. This is carried out iteratively until a stopping 
criterion is met. Figure 6.5.1 shows the interaction between the multi-agent model and the SUMO 
software. 

 

SUMO 

Route choice 

Dynamic Traffic 
Assignment 

Route choice 

Day-to-day learning 
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6.5.1. Simulation of Urban MObility (SUMO) 
 

 
 

Figure 6.5.2. A SUMO simulation of an intersection 
 
 

SUMO is an open source traffic simulation package which helps investigate several research topics 
e.g. route choice and traffic light algorithm or simulating vehicular communication. Therefore, the 
framework is used in different projects to simulate automatic driving or traffic management strategies. 
It was implemented in 2001, with a first open source release in 2002. It is a purely microscopic traffic 
simulation in which each vehicle is given explicitly, defined at least by an identifier (name), the 
departure time, and the vehicle’s route through the network. If wanted, each vehicle can be described 
more detailed. The departure and arrival properties, such as the lane to use, the velocity, or the 
position can be defined. Each vehicle can get a type assigned which describes the vehicle’s physical 
properties and the variables of the used movement model.  
 
6.5.2. Travel information, route choice and the types of players in a transportation game 
 

Traffic Management Centers manage the various sources of travel information and presents a 
driver with travel information about the potential routes to their destination (i.e. travel time, delay, 
incident location, etc.). These information are normally provided through Global Positioning System 
(GPS) devices, mobile phone applications, and/or variable message signs in which a driver takes into 
consideration when making route choice decisions. However, it is also possible that these information 
may not be easily available to drivers. Route choice decisions would then be based directly from their 
daily experiences. Therefore, the multi-agent, simulation-based dynamic traffic assignment model is 
designed as a transportation game with three types of players: 

1.) Traffic Management Center (TMC): The TMC observes the traffic volume, speed and density of 
each link through sensors allocated in the transportation network and computes the average travel 
times of all possible routes during a specified time period for any origin-destination pair in the network. 
The average travel times are then announced to all the drivers in the transportation network. 

2.) Partially Informed-User (PIU): Each player can get the realized travel times produced by the 
traffic simulator, announced by the TMC, for all available routes between any origin-destination pairs 
after their trip on that day. 

3.) Naïve user (NU): The only information available to the player is the realized travel time produced 
by the traffic simulator of the selected route on that day. 
 
6.5.3. Boltzmann-Gibbs actor-critic algorithm for the partially informed-user 
 

Actor-critic algorithms are normally used in cases where players only obtain payoffs for the actions 
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they have chosen which is our definition of the naïve user case. However, due to the complex nature 
(nonstationary environment) of the dynamic traffic assignment simulation of partially informed-users 
considered here, it is used to estimate both the strategies and payoffs of each player. 

Definition 6.5.1. (Boltzmann-Gibbs actor-critic algorithm). A Boltzmann-Gibbs actor-critic algorithm 
is a process �� �,t tQ�  such that, 
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where i
t(  is defined by the equation (4.4.1) and the temperature parameter is updated according to 

the regret-based updating scheme, 
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The result is presented without proof. 
Proposition 6.5.1. Suppose that �� �,t tQ�  is a Boltzmann-Gibbs actor-critic process for which, 

1. ) �� �t C t 3E
33 �

� �  where 0C3 		  and �� 50.5,13E � ,    

2. ) �� �t C t DE
DD �

� �  where 0CD 		  and �� �0.5,D 3E E� ,    

3. ) i
t)  is calculated using equation (6.5.2). 

Then with probability 1, the t�  follow a generalised weakened fictitious play process. 
The regret-based temperature parameter updating scheme is used since it reduces the exogenous 

variables unknown to the model. A player’s regret is directly connected to her strategy selection and 
payoffs in which an improving action selection policy should be dependent upon which is more logical 
as compared to the difference of the maximum and minimum estimates used by Leslie and Collins 
(2006) with the exogenous variable �E  given by equation (4.5.3). 

Additionally, since the simulation deals with partially informed-users, the action counts, �� �#i i
t ta , in 

the payoff learning rates of the players used in Leslie and Collins (2006), 
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are replaced by just the iteration times since the action counts acted as some sort of unbiased 
estimator (Leslie and Collins, 2005) caused by the infrequent updates of action values with low 
probabilities which can be viewed as a player’s way of compensating for the fact that actions played 
infrequently do not receive updates of their values, so when they are played, any reward prediction 
error must have greater influence on the value than if frequent updates occur. However, in the 
partially informed-user scenario, all action values are updated at each stage, thus, there is no need for 
an estimator. 

Using the result by Singh et al. (2000) and Leslie and Collins (2006), the goal is to show that 
0i i

tQ � � 0i �  and 0i
t) ��  as t ��� . Equation (6.5.2) can be rewritten as, 
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The term on the right goes to zero almost surely as t ��� . In order to satisfy the equality of 
equation (6.5.4), the term on the left must approach 0. The parameter 

1

i i
t t) ) ���  must have an equal 

value to achieve this. Since  i
t)  is dependent on the regret term, �� � � � 0i i

t tQ k k� �� �i
t k�i
t � , it’s only 

needed to show that the regret term almost surely approaches 0 as t ��� . However, this was already 
proven by Hart and Mas-Colell [2000]. This would imply the left term does indeed approach 0 as 
t ��� . Now, only 0i i

tQ � � 0i �  needs to be satisfied which is shown in the next chapter through the 
simulation results. 
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6.6. Chapter summary 
 

An introduction into the motivation of the development of the multi-agent, simulation-based DTA 
model is initially discussed. Subsequently, the development of traffic simulation models, which are the 
bases for simulation-based DTA models, are briefly reviewed. 

Macroscopic traffic simulation models are highly accurate, however, are computationally infeasible 
due to the amount of dynamical detail these models try to capture. Microscopic models, on the other 
hand, are discrete which allows for lesser computational burden at the cost of accuracy. Due to the 
discrete nature of a multi-agent model, a microscopic traffic simulation model is selected to conduct 
a DTA. 

Microscopic traffic simulation models cover a wide range of discrete demand traffic simulation 
models. However, since the interest in this dissertation is the drivers’ behavior, which includes a 
driver’s interaction with the other drivers, emphasis is given to car-following models. A simple but 
effective model is the Nagel-Schreckenberg (NaSch) model which is a cellular automata (CA) model 
that can reproduce the fundamental properties of traffic flow. This was further generalized by Krauß 
[1997] and is currently implemented by SUMO, an open-source software used in the simulation-based 
DTA in the next chapter. 

In order to justify the move from analytical models to a simulation-based DTA model, issues 
involving analytical models are discussed. Additionally, the significance of a simulation-based DTA is 
given. However, simulation-based DTA models, themselves, aren’t without issues. A long-standing 
problem of convergence and stability of these models hasn’t been resolved by any author so far. This 
chapter tries to resolve this with the introduction of the multi-agent, simulation-based DTA model. 
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CHAPTER 7 
 

APPLICATION OF THE MULTI-AGENT SIMULATION-
BASED DYNAMIC TRAFFIC ASSIGNMENT MODEL 
 

The efficacy of the multi-agent, simulation-based dynamic traffic assignment (DTA) model 
developed in the previous chapter is tested in this chapter using a microscopic traffic simulator, 
Simulation of Urban MObility (SUMO). Initially, a small test network similar to the network used in 
chapter 5 with a single origin-destination (OD) is used to check if convergence and stability can be 
achieved. Subsequently, the multi-agent, simulation-based DTA model is applied to a larger network 
with multiple ODs and traffic lights to check if the results obtained in the first simulation still hold. To 
add complexity to each simulation, each driver can choose a departure time from a driver-specific, 
Poisson-distributed departure time interval. Simulation results show that in both cases, convergence 
and stability is achieved which resolves the long-standing issue inherent in simulation-based DTA 
models. 
 
 
7.1. Initial simulation-based DTA using partially informed-users  
 
7.1.1. Simulation conditions in a small test network 
 

A simulation-based DTA is carried out under the partially informed-user (PIU) scenario using the 
test network with a single OD shown by figure 7.1.1 below using the developed multi-agent, 
simulation-based DTA model and Boltzmann-Gibbs actor-critic algorithm in the previous chapter.  

The simulation setting and conditions are as follows: 

 
Figure 7.1.1. The SUMO small test network 
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There are 1000I ��  players (drivers) that will traverse the small test network from left to right and 
each of these player has the same set of actions, � ��1,2,3i ��1,2,i � , which represent the number of 
possible routes. To add complexity, each driver can choose a departure time from their own driver-
specific, Poisson-distributed departure time interval which are set randomly.  

The flow conservation is described by the equation, � �, i
k

I h k
�

�� � � �h k� i� . A summary of the 
settings used for the test network is given by table 7.1.1 below. 

 

Link segment Length Maximum allowed speed Number of lanes 

1 500 meters 13.89 meters per second 2 

2 1005 meters 13.89 meters per second 1 

3 1005 meters 13.89 meters per second 2 

4 1005 meters 13.89 meters per second 2 

5 1005 meters 13.89 meters per second 1 

6 200 meters 13.89 meters per second 1 

7 500 meters 13.89 meters per second 2 

 
Table 7.1.1. Link segment settings 

 
 
The simulation-based DTA is carried out using the SUMO software introduced in the previous 

chapter. During the simulation, players use equations (6.5.1)-(6.5.2) to update their route choices and 
payoff estimates. There are 1000 iterations where each iteration is composed of 3600 time steps. It is 
assumed that the average speed, flow and density are collected by sensors positioned throughout the 
transportation network. Travel times on all three routes are then announced to all the players (for an 
unused route, the free-flow travel of the route is announced).  

The intersection made up of links 4 and 6 are priority-based where link 4 is the main priority. This 
implies that vehicles traversing link 6 will wait for a gap in link 4 before entering link 5. This also occurs 
at the intersection between links 3 and 5 where link 3 is the main priority. The legal speed limit is equal 
to the maximum allowable speed and all vehicles accelerate and decelerate at 0.8 m/s and 4.5 m/s, 
respectively. The maximum speed of a vehicle is assumed to be 70 m/s (achievable engine speed). 
Each player has an imperfection coefficient (from Krauß’ [1997] model) of 0.05. To ensure variable 
vehicle speeds, the speed deviation parameter is set to 0.1 which results in a speed distribution where 
95% of the vehicles drive between 80% and 120% of the legal speed limit. 

 
7.1.2. Simulation results using a small test network 
 

Figure 7.1.2 below shows the relationships of the speed, flow and density of the first iteration which 
compose the fundamental diagram of traffic flow used to predict the capability of a road system or its 
behavior when applying inflow regulation or speed limits.  

The upper-right plot of the figure shows the speed-density relationship with a negative linear slope 
which means that as the density increases, the speed on the link decreases. The point where the line 
crosses the speed axis is at the free-flow speed while the point in which the line crosses the density 
axis is at jam density. The upper-right plot shows that the speed approaches the free-flow speed as 
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the density approaches zero. As the density increases, the speed of the vehicles on the links decreases. 
However, link 3 has a positive slope because the flow from this road segment comes from link 2 which 
is a single lane while link 3 has two lanes. Faster vehicles can transfer lanes which allows for faster 
speeds and lesser density. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7.1.2. Fundamental diagram for the first iteration 
 
 

The flow-density relationship in the lower-right plot of the figure follows a triangular shaped curve 
which is approximated by a parabolic curve. However, this is inverted in the density axis. Normally, 
the flow-density curve is represented by two vectors representing the free-flow velocity (negative 
slope in the figure) and the congested branch (positive slope in the figure). The congested branch 
implies that even though there are more vehicles on the road, the number of vehicles passing a single 
point is less than if there were fewer vehicles on the road. Flow in the links 3 and 7 are almost 
unaffected by the increase in density for two reasons, 1) route 1, which link 3 belongs to, is a priority 
route in the intersection where links 3 and 5 intersect, this means that vehicles using link 3 doesn’t 
stop to allow vehicles from link 5 and 2) the flow of vehicles come from link 3, a link with a single lane, 
transferring to link 3, a link with two lanes. 

The speed-flow plot on the upper-left of the figure is used to determine the speed at which 
maximum flow occurs which consists of the free-flow and congested branches. There is currently no 
function that approximates it. However, the linear approximations (looking from left to right) show 
that the average speed decreases as the average flow decreases implying that this is in the congested 
branch of the speed-flow diagram. Additionally, approximation on links 3 and 7 show that these links 
are almost at optimum flows for the same reason stated above. 

Figure 7.1.3 below shows the fundamental diagram for the last iteration. Comparing figures 7.1.2 
and 7.1.3 dramatically shows that the players have learned to avoid long travel times. Link 1 is slightly 
congested due to the fact the vehicles can change lanes and are inserted into the network randomly 
between the two lanes. This means that when a vehicle who is set to use route 3 is inserted in the left 
lane, this vehicle needs to wait for a gap in the lower lane to be able to go to link 4. This is also true 
for the opposite situation. This random insertion causes a slight congestion on this link. Looking at the 
speed-flow plot on figure 7.1.3, link 5 has a negative slope which is caused by a congestion on link 5 
caused by the priority link, link 3, in the merging point. Lastly, no vehicle uses link 6, which belongs to 
route 2, due to a very high travel time. When a vehicle uses route 2, there are two intersections where 
this vehicle has to wait caused by links with lesser priorities, link 6 and link 5. 
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Figure 7.1.3. Fundamental diagram for the last iteration 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7.1.4. Link and route information 
 
 

Figure 7.1.4 above shows that vehicles immediately realize that route 1 is the best route since link 
3 is the priority in the link 3 and link 5 intersections even if these two routes have the same distance 
and similar configurations. The fluctuations in the mean route travel time vs iteration plot (middle 
plot) is caused by vehicles from route 1 sometimes changing to routes 2 or 3. This happens because 
faster vehicles can be blocked by the slower vehicles ahead of them when the link has a single lane 
(link 2). Therefore, probabilities for this route can slightly decrease if the travel times for the 
alternative routes are lower in the particular stage. 

Figure 7.1.5 below shows the evolution of the strategy (bottom plot) and payoff (middle plot) 
learning parameters, 3  and D , respectively. These parameters are slowly converging to zero as time 
progresses as required by the constraints in the previous chapter. The dispersion parameter (top plot), 
) , also appears to be decreasing to zero predicted by the result in the previous chapter which is 
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required to show convergence to a generalised weakened fictitious play process. More importantly, 
this indicates that the dispersion parameter is player-specific and time-dependent which validates the 
multi-agent model. As this parameter decreases, the probability of choosing the best action increases 
which implies the “learning” of the players due to experience. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7.1.5. Learning parameters 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 

Figure 7.1.6. Vehicle information 
 
 
Figure 7.1.6 above will confirm if the Boltzmann-Gibbs actor-critic algorithm converged to a Nash 

equilibrium, satisfying the convergence criteria. The top plot in in this figure shows the averaged route 
probabilities of the selected routes of all of players. The red line represents route 1 which is the route 
with the lowest travel time. This satisfies one of the requirements to achieve a user equilibrium (all 
players must select the route with the lowest travel time). Another requirement is for the algorithm 
to correctly estimate the real route costs. It can be observed from the middle and bottom plots that 
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as time progresses, the distance between the estimated payoffs (-239.5752278) and average payoffs 
(-239.7410205) after 1000 iterations is close to zero. This also satisfies the requirement of equivalency 
between the case where players can and can’t observe the other players’ actions. This results shows 
that players behave as if they can observe the other players’ actions. Significantly, it can be observed 
that even though the information received by each player at each stage are not very accurate (mean 
route travel time shown in the middle plot of figure 7.1.4), the estimates of the players’ payoffs and 
their strategies still converge. Furthermore, the simulation-based DTA has been carried out many 
times and the same consistent result is observed, confirming the stability criteria. 

 
 

7.2. Simulation-based DTA using partially informed-users under a large network with traffic lights 
 
7.2.1. Simulation conditions of a large test network 

 
The simulation in the previous section was carried out using a simple network to test if the results 

for the multi-agent model obtained from the previous chapters carry over to a simulation-based DTA. 
Since the results above confirm this, a larger and more complex test network is tested to check if these 
results would still hold.  

To test the multi-agent, simulation-based DTA model more rigorously, a transportation network 
with 14 nodes, 48 OD pairs, 42 links and 34000 travelers was used as shown in the figure 7.2.1 below. 
All the links in the transportation network has a single lane with a legal speed limit of 13.89 m/s and 
two-way traffic. The intersections, represented by the nodes are randomly assigned with either all-
way stop or priority settings. The red nodes, however, were assigned traffic lights. The simulation lasts 
for 120000 time steps iterated 100 times. The other settings were set to the same values used in the 
previous simulation.  

The subsequent figures below showing simulation results were randomly picked due to the large 
number of possible figures to present. However, all of the results which confirm convergence and 
stability of the simulation-based DTA model still hold. 

 
   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 7.2.1. The SUMO large test network 
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7.2.2 Simulation results using a large test network 
 

 
Figure 7.2.2. Fundamental diagram for links from node 15-19 and 21-24 in the 1st iteration 

 
 

 
Figure 7.2.3. Fundamental diagram for links from node 15-19 and 21-24 in the last iteration 

 
 
Figures 7.2.2 and 7.2.3 shows the relationships of the speed, flow and density which compose the 

fundamental diagram of traffic flow used to predict the capability of a road system or its behavior 
when applying inflow regulation or speed limits. The upper-right figures show the speed-density 
relationship with a negative linear slope (link u21-24 of figure 7.2.2) which means that as the density 
increases, the speed on the link decreases. The line that crosses the speed axis is at the free flow speed 
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while the line that crosses the density axis is at jam density. The figure shows that the speed 
approaches free flow speed as the density approaches zero. As the density increases, the speed of the 
vehicles on the links decreases and it reaches zero when the density equals the jam density. 

The flow-density relationship in the lower-right of the figures follow a triangular shaped curve 
which is approximated by a parabolic curve. However, this is inverted in the density axis. Normally, 
the flow-density graph is represented by two vectors representing the free flow velocity (negative 
slope in the figure) and the congested branch (positive slope in the figure). The congested branch 
implies that even though there are more vehicles on the road, the number of vehicles passing a single 
point is less than if there were fewer vehicles on the road. The figure flow-density of figure 7.2.2 of 
link u21-24 also shows the metastable state discussed in the previous chapter. 

The speed-flow diagram on the upper-left of the figures is used to determine the speed at which 
maximum flow occurs which consists of the free flow and congested branches. It is shown in both 
figures that there isn’t a significant fluctuation in speed which is inherent in traffic simulation models. 

Comparing the fundamental diagrams of figures 7.2.2 and 7.2.3 dramatically shows that the players 
have learned to avoid long travel times on both links. However, this may not be the case for the other 
links. The speed-density of link u21-24 shows that, although the speed-density relationship in the first 
iteration had a negative slope, this became a positive slope in the last iteration due to increased flow 
and speed on the link. The speed-density of link o15-19, however, had a negative effect even though 
the slope of the flow-density curve has improved. This was caused by the reduced speed and increased 
flow of vehicles on the link possibly coming from other ODs. 

 
Figure 7.2.4. Link and route information for OD pair 15 (node 11 – node 21) 

 
 

Figure 7.2.4 above shows the link and route information generated by the traffic simulator. The top 
plot shows that the mean flow on each link stabilizes after 30 iterations. The analysis for the middle 
and bottom plots are closely related. The middle plot shows that route 47 (yellow line) has the lowest 
mean travel time and thus, it can be noticed in the lower plot that most of the vehicles traversing this 
OD pair chooses this route. 

The figure 7.2.5 below shows the information generated or experienced by each vehicle on this OD 
pair. The upper plot shows the averaged route probability for the chosen route of all the vehicles. It is 
obvious that route 47 has the highest route probability as it has the lowest travel time among the 
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routes. Both the estimated and actual payoffs of all travelers are converging to a value of around -350. 
It can be noticed that even though the mean route travel times (middle plot of figure 7.2.4) received 
by all the travelers which they use to estimate their payoffs are fluctuating, travelers’ estimates were 
still converging to the actual payoffs that they were experiencing. This confirms that the multi-agent, 
simulation-based DTA model properly characterizes the non-stationarity of the transportation 
network and the drivers’ route choice decisions. Additionally, from the results of the simulation, since 
estimated and actual payoffs are converging to a single value and that the travelers are choosing the 
route (action) with the lowest travel time, it can be deduced that the simulation converges to a Nash 
equilibrium (user equilibrium) almost surely. Furthermore, even with a large network composed of a 
large number of travelers, the number of iterations required to achieve convergence is very low. 

These results confirm that the convergence and stability of the simulation-based DTA model still 
hold even for a large and complex network. 

 

Figure 7.2.5. Vehicle information for OD pair 15 (node 11 – node 21) 
 
 

7.3. Chapter summary 
 
The multi-agent, simulation-based DTA model is tested to check if it can resolve the long-standing 

issue of convergence and stability inherent in simulation-based DTA models. 
The first test used a small test network with a single OD and 3 routes. The simulation was conducted 

to check if the results obtained from chapters 4 and 5 would still hold in a simulation-based DTA 
despite the discontinuous travel times generated by the dynamic traffic simulation and the unknown 
link costs. Simulation results indicated that this is true. However, due to the minimal characteristics of 
the simulation, a need to verify these results under a more complex scenario should be conducted. 

The second test used a large test network with 48 ODs, 42 links and 34000 drivers. Additionally, 
traffic lights, priority junctions and all-way stops were randomly assigned to all the intersections of 
the test network. Simulation results confirmed that all the results from the tests in the previous 
chapters and in this chapter still hold. Moreover, the drivers were able to correctly estimate the route 
costs despite the inaccuracy of the announced travel times they used for estimation. This confirms 
that the developed model can properly characterize the non-stationarity of the transportation 
network and the drivers’ route choice decisions. 

The simulation was carried out multiple times and the same result was obtained. This confirms that 
the multi-agent, simulation-based DTA model is able to resolve the long-standing issue of convergence 
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and stability inherent in simulation-based DTA models.  
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CHAPTER 8 
 

CONCLUDING REMARKS AND FUTURE WORKS 
 
 
8.1. Concluding remarks 

 
Development of the multi-agent model as a plausible behavioral model of drivers in a transportation 
network. 

The multi-agent model was shown to be a plausible model for the characterization of drivers’ route 
choice decisions. The model was developed due to the need to properly characterize the non-
stationarity of transportation networks and drivers’ route choice decisions. This was achieved by 
adding a player-specific and time-dependent random utility term in the drivers payoff function. As a 
consequence, two classes of players can be derived, namely, the partially informed-users (PIUs) and 
the naïve users (NUs). This consequence lead to a model that unifies the assumptions about the 
information that drivers can acquire, how drivers would behave, which learning schemes they can 
employ and what solutions can be achieved.  

A major component of the model is the player-specific and time-dependent random term which 
allows for a variable of behaviors to be accounted for. This also endowed drivers the ability to “learn” 
from their daily experiences under a dynamic setting through an updating action selection scheme 
that improves with time.  
 
Application of a stochastic congestion game that leads the system to Nash equilibrium. 

The traffic assignment problem was formulated as a stochastic congestion game wherein the 
objective of each player is to try to maximize the sum of their realized payoffs either from the public 
information given by the TMC or from by their own experiences when they traverse the transportation 
network. These payoffs are random, time-dependent and non-continuously differentiable. One 
desirable property of stochastic congestion games is the existence of the stable equilibrium, Nash 
equilibrium. Thus, during each of the numerical tests conducted in this dissertation, the goal was to 
show that each learning algorithm developed leads to this equilibrium. This was achieved almost 
surely for the partially informed users. For naïve users, epsilon-Nash equilibrium was achieved almost 
surely due to the complexity of the problem. 

 
Learning algorithms based on stochastic approximation theory were developed and tested through 
mathematical and numerical simulations. 

Learning algorithms which were more complex than the method of successive averages (MSA) were 
developed to ensure almost sure convergence to Nash equilibrium. Chapter 4 and chapter 5 showed 
that the multi-agent model together with learning algorithms from the generalized stochastic 
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approximation theory, under the corresponding classes of players acquire solutions that are similar to 
what traditional equilibrium models can achieve, a stable equilibrium under well-defined link cost 
functions. Additionally, a stable equilibrium under ill-defined link cost functions such as the step and 
asymmetric link cost functions in which traditional equilibrium models fail to solve can also be 
achieved. This result is very significant due general nature of a multi-agent model.  

 
The multi-agent model can solve the long-standing problem of convergence and stability inherent 
in microscopic, simulation-based dynamic traffic assignment. 

Even though the numerical results were very promising, the result was acquired using a static traffic 
assignment simulation which is highly unrealistic. A question is whether the multi-agent model can 
really move from a theoretical aspect to a point where it can be applied to be used in practice, and 
whether the driver-to-driver and TMC-to-driver interactions can be captured. A move to this direction 
was done in chapters 6 and 7 where the multi-agent model together with learning algorithms is 
combined with a microscopic traffic simulator (Simulation of Urban MObility – SUMO). A microscopic 
traffic simulator was selected due to the discrete nature of the multi-agent model. Moreover, 
microscopic traffic simulation using a cellular automata model such as the Nagel-Schreckenberg 
(NaSch) model, despite its very simple description of drivers’ behaviors, can reproduce fundamental 
properties of traffic flow. However, SUMO was used in this dissertation as it uses Krauß’ [1997] car-
following model that generalizes drivers’ driving behavior described by the NaSch model which 
captures the metastable state during a simulation. A simulation-based dynamic traffic assignment 
(DTA) model is then produced by using SUMO to generate travel times at each simulation and the 
multi-agent model’s day-to-day learning behavioral loop to produce drivers’ route choice decisions. A 
major drawback of simulation-based DTA models, however, is that studying the convergence and 
stability of these models is difficult due to the discontinuous travel times (costs) generated by a 
microscopic traffic simulation. Moreover, all of the link performance functions of the road segments 
are not known in advance and must be estimated over time. One the objectives of this dissertation is 
to investigate whether the properties of the multi-agent model would hold in a simulation-based DTA. 
An affirmative answer was obtained in chapter 7. The developed multi-agent, simulation-based DTA 
model in this dissertation was able to produce a user equilibrium solution in the form of a Nash 
equilibrium. This was tested first in a small network and was subsequently applied to a larger network 
with traffic lights. To add complexity, each driver was allowed to select a departure time coming from 
a stationary distribution independent and different from other drivers. Additionally, even with a large 
network, a significant amount of iteration isn’t required to achieve stability. More significantly, even 
with the fluctuating travel times that drivers receive from the traffic simulation, their expected and 
experienced payoffs were still converging. This confirms that the multi-agent, simulation-based DTA 
model is able to properly characterize the non-stationarity of the transportation network and the 
drivers’ route choice decisions. This result is very important since as far as the author of this 
dissertation is concerned, a consistent and stable convergence result hasn’t been achieved yet under 
a simulation-based DTA. 

 
General conclusion 

The motivation for proposing the multi-agent model was the lack of behavioral realism inherent in 
traditional equilibrium models. Behavioral realism is important as it produces better solutions that 
transportation engineers can use to make decisions. Applications of the multi-agent model can be 
categorized based on the classes of players derived in this dissertation. A PIU setting is applicable 
when simulating to build traveler guidance systems where a central authority observes traffic 
conditions and makes this information available to drivers in the transportation network. This scenario 
is typical in developed countries where a traffic management center is present. An example would be 
the availability of intelligent transportation system technologies such the Vehicle Information 
Communication System (VICS) in Japan or the Traffic Message Channel (TMC) in Europe. An NU setting 
is applicable to a transportation network where an intelligent transportation system isn’t available but 
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an equilibrium solution is required. This scenario is typical in developing countries where more 
emphasis is given on drivers’ route choice behaviors when information about transportation network 
condition isn’t available and its convergence property is required. 

 
 

8.2. Future works 
 

The next step in the near future that the author is considering is the generalization of the cost 
function to include other choice dimensions, a usual specification in microscopic traffic simulation 
models. 

An important aspect of the developed multi-agent model in this dissertation that needs 
improvement is the reduction of the action space when the transportation network becomes very 
large. The action spaces of each driver would require a very large amount of memory to store the 
action value estimates and probabilities. A possible solution to this is the generalization of the model 
to include multiple action states. The current multi-agent model only considers a single-state for the 
actions representing the drivers’ possible routes. Most of the time, however, these routes are 
correlated since these routes sometimes use some of the links of the other routes and hence, can be 
grouped into an action state (i.e. one action which has a slightly changing cost function that represents 
different states of the system). Grouping correlated actions by considering them as a single-state 
would reduce the memory requirement for drivers, thus, the computer and as a consequence would 
allow for faster simulation. More importantly, a multi-state, multi-agent model has already been 
developed in game theory and is called stochastic games. 
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APPENDIX 
 
Appendix A 
 
 
1. Stochastic approximation and the ODE method. 
 

The theory of stochastic approximation was developed by Robbins and Monro [1951] in the 1950's. 
Stochastic approximation methods are a family of iterative stochastic optimization algorithms that 
attempt to find extrema of functions which cannot be computed directly, but only estimated via noisy 
observations. Recently, it has been applied to learning algorithms in fields such as computer science, 
game theory [Fudenberg and Levine, 1998] and transportation behavior [Miyagi and Peque, 2012], 
[Miyagi et al., 2013]. Stochastic approximation algorithm (A.1.1) reflects several properties of the 
decision behavior of human decision makers which makes it well suited in modeling the learning of 
individuals. First is bounded rationality where individuals use simple, local adjustments rather than 
exact optimization. It is possible that information gathering and computation is costly that individual 
decision makers make only simple but intuitive decisions that require small amounts of computation. 
Second is incremental learning where individual decision makers adapt their behavior in small, 
incremental steps and lastly, the noisy evolution of the stochastic approximation algorithm which 
captures noisy information and/or individual decision makers' mistakes. 

Formally, a stochastic approximation algorithm { }t tx �  is a stochastic process in discrete time that 
has the following form: 

 1 1 1( , )t t t t tx x f xD J� � �� � , (A.1.1) 

where tx  takes values in Euclidean space, tJ  is a random variable and 0tD 	  is a small and 
deterministic step size of learning parameter satisfying  

 2

1 1

, ( ) t t
t t

D D
� �

� � B �  . (A.1.2) 

The process tx  evolves over time in the following way: at each time step, the system receives some 

new information 1tJ �  which updates tx  according to the algorithm defined by the function f . 
In order to analyze the long term behavior of the algorithm (A.1.1), it is convenient to divide the 

noise term into two. A deterministic component F  representing the average behavior of f  and a 
random variable K  which can be interpreted as a random perturbation. 

Let : m mF �m m�  be given by the function 
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 1( ) ( ( , ) | )t t t tF x f x J �� )t( ( ,t t,,( (( t( ((   

where tt  is a ! �algebra  and define the random perturbations 
1

n
tK � � n  as the difference of the 

value of f  at time 1t �  and its expected value at time t  (given by the function F ); 

 1 1 1( , ) ( ( , ) | )t t t t t tf x f xK J J� � �� � )tt t( (( (( . 
Then the stochastic algorithm takes the following equivalent form: 
 1 1 1( ( ) )t t t t tx x F xD K� � �� � � . (A.1.3) 

When tD  is small, one can expect that the influence of the perturbations tK  is small and that the 

long run behavior of � �tx  is closely related to the non-perturbed (Cauchy-Euler) process � �ty : 

 1 1 ( )t t t ty y F yD� �� � .  (A.1.4) 
This process can be considered as some sort of discrete approximation of the ordinary differential 

equation 

 ( )
dx F x
dt

� . (A.1.5) 

In order to analyze the behavior of (A.1.3), one may analyze the differential equation (A.1.5) and 
expect a similar behavior due to the law of large numbers, if the step size tD  is small. This method is 
called the ODE method which was introduced by Ljung [1977]. For further reading on the ODE method 
for stochastic approximation, the reader is referred to [Borkar and Meyn, 2005]. 

 
 

2. Chain recurrence 
 

The notion of chain recurrence [Conley, 1978] plays a central role in the description of the limit sets 
of stochastic approximation processes. 

Analysis of the long term behavior of stochastic approximation processes are done by using the 
concept of asymptotic pseudotrajectories introduced by Benaim and Hirsch [1996]. Asymptotic 
pseudotrajectories are curves in the state space X  which differ from true trajectories in a controlled 
way, with errors tending to zero, and it is often possible to describe their behavior in terms of the 
dynamics of flow L . So first let me introduce the notion of a flow which is similar, albeit more general 
to the notion of the solution of an ODE. The definitions below are taken from [Benaim and Hirsch, 
1996], [Alongi and  Nelson, 2007] and [Gaigl, 2006]. 

Definition A.2.1. A flow (or continuous time dynamical system) on a topological space X  is a 
continuous function : X XL � �X X� �X  such that i) ( , ) :t X XL M �  is a homeomorphism for each 
t � , and ii) ( , ) ( , ( , ))t s x s t xL L L� �  for all x X�  and all ,s t � . 

A semiflow is a flow where : X XL � � �X� � �X . Customarily, ( )t xL  for ( , )t xL and denote a flow 

: X XL � �X X� �X  by :t X XL � . 
We next define a map whose behavior is what is analyzed throughout this dissertation. 
Definition A.2.2. Let X  be a set. A map (or discrete time dynamical system) is a function 
:f X X� . 

Definition A.2.3. Let ( , )X d  be a metric space. A continuous function :f X� � X�  is an 
asymptotic pseudotrajectory for L  if 

 
0

lim sup ( ( ), ( ( ))) 0ht h T
d f t h f tL

�� = =
� �   (A.2.1) 

for any 0T 	 . 
That is, the function f  moves like L , but is allowed an asymptotically vanishing amount of 

correction every T  units of time. This is shown by the figure A.2.1 below. 
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To account for the perturbations in dynamical systems solved by stochastic approximations, chain 
recurrent states are used. Chain recurrent states are all the states that can arise in the long run if the 
deterministic dynamic is randomly shocked at isolated points in time. 

Definition A.2.4. Let tL  be a flow on a metric space ( , )X d . Given 0, 0 T� 	 	 , and ,x y X� , an 

( , )T� � chain from x  to y  with respect to tL  and d  is a pair of finite sequences 

0 1 1, ,..., ,n nx x x x x y�� �  in X  and 0 1,..., nt t �  in [ , )T � , denoted together by 0 0 1( ,..., ; ,..., )n nx x t t � , 
such that 

 1( ( ), )
it i id x xL �� B ,  

for 0,1,2,..., 1i n� � . 
 
 

 
 
 
 
 
  
 

Figure A.2.1. Convergence of an asymptotic pseudotrajectory 
 
 
A point x X�  is said to be chain recurrent, if for every 0� 	  and every 0T 	 , there exists an 

( , )T� � chain from x  to x . If every point of X  is chain recurrent then L  is a chain recurrent 
semiflow. If for all ,x y X� , and every 0� 	  and every 0T 	 , there exists an ( , )T� � chain from 
x  to y , L  is said to be chain transitive.  

 
 
 
 
 
 
 

Figure A.2.2. An ( , )T� � chain for a flow 
 
 

To imagine an ( , )T� � chain from x  to y , imagine following the orbit of x  for a time at least T , 
then jumping a distance less than �  to another point, and continuing finitely many steps in this 
manner until jumping onto y  from a distance less than �  away. A point x  is chain recurrent if no 
matter how long a time you must flow and no matter how short a distance you must jump, it is always 
possible to return to x  as shown in the figure A.2.3. 

Let XN �  be a nonempty invariant set. L  is called chain recurrent on N  if every point z�N  is 
a chain recurrent point of |L N  (L  is restricted to N ). A compact invariant set on which L  is chain 
recurrent (or chain transitive) is called an internally chain recurrent (or internally chain transitive) set. 
Let ( )Fix L  denote the set of all equilibria of L  (the points z X�  with ( )t z zL �  for all 0t 	 ), let 

( )Per L  denote the closure of the set of all periodic points (all points z X�  such that ( )T z zL �  for 

some 0T 	  and ( )T z zL '  for 0 t TB B ) and let ( )R L  denote the set of chain recurrent points for 
L . We can then establish a chain of inclusions expressing more and more general modes of 

0x x�

0

0( )
t xF

1x
2x

1

1( )
t xF

2

2( )nt
nxF �
�

1nx �
1

1( )nt
nxF �
�

ny x�

(0)f
1( )f t

1( ( ))f tL

(0)f

2( )f t

2( ( ))f tL

3( ( ))f tL

(0)f
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recurrence: 
 ( ) ( ) ( )Fix Per RL L L� �   (A.2.2) 
The above expression (A.2.2) shows that every equilibrium z  is chain recurrent and that every 

periodic point is also chain recurrent. Since L  is continuous, every limit point must either be a periodic 
point or an equilibrium.  

 
 
 
 
 
 
 
 
 
 
 

Figure A.2.3. Chain recurrence 
 
 
3. Attractors 
 

We will now provide some results about the connection between chain recurrent sets and 
attractors. All the results below can be found in [Conley, 1978], [Benaim and Hirsch, 1996] or [Benaim, 
1999]. 

Definition A.3.1. A closed invariant subset A X�  is called an attractor for L  provided that A  is 

nonempty, compact and invariant and it has a neighborhood N X�  such that [ ( ), ] 0td x AL �  as 
t �� , uniformly in x N� . 

The basin of attraction ( )B A  is the set of all points x X�  such that [ ( ), ] 0td x AL �  as t �� . 

An attractor is called proper if A X' . A global attractor is an attractor A  with ( )B A X� . An 
equilibrium (� stationary point) which is an attractor is called asymptotically stable. The proof of the 
following Proposition, Corollary and Theorem can be found in [Benaim, 1999]. 

 
Proposition A.3.1. Let XN � . The following assertions are equivalent 
(a) N  is internally chain transitive. 
(b) N  is connected and internally chain recurrent. 
(c) N  is a compact invariant set and |L N  admits no proper attractor. 
 
Corollary A.3.2. If an internally chain transitive set K  meets the basin of an attractor A , it is 

contained in A . 
 
Theorem A.3.3. If X  is compact then ( )R L  is internally chain recurrent. 
 
In this dissertation, X  is compact. Hence, the limit of every point x X�  is internally chain 

transitive and therefore compact, invariant and does not contain a proper attractor. 
Whenever the stochastic approximation process is bounded and satisfies the conditions (A.1.2), its 

limit set is internally chain transitive for the flow induced by the mean vector field F . This was shown 
by Benaim and Hirsch [1996] which is central to the result of the theory of asymptotic 
pseudotrajectories and is called the limit set theorem. 

 

0 nx x x� �
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Theorem A.3.4. Let :f X� � X�  be an asymptotic pseudotrajectory of L  with compact closure. 

Then ( )L f  is internally chain transitive. 

 
0

( ) ([ , ))
t

L f f t
�

� �
0

([ , )
t

f ([([
�

,([([ , (A.3.1) 

where ([ , ))f t �  is the closure of the set. For instance if f  is a cycle then ( )L f  is the whole cycle, if 
f  converges to a point then ( )L f  is that point and if f  is not bounded then ( )L f  is empty. The 

limit set theorem can be applied to stochastic approximation algorithms defined by (A.1.1). Remember 
that if a point x X�  belongs to the basin of attraction ( )B A  of an attractor A X�  then 

( )t x AL �  as t �� . The following result shows that this is true for an asymptotic pseudotrajectory 
provided that it stays in the basin of attraction of A . 

 
Theorem A.3.5. Let e  be an asymptotically stable equilibrium with a basin of attraction W  and 

K W�  a compact set. If ( )kX t K�  for some sequence kt �� , then lim ( )t X t e�� � . 
This was first proven by Kushner and Clark [1978]. It is a consequence of the limit set theorem 

because e  is the only chain recurrent point in the basin of attraction of e . The following theorem is 
a generalization of the this theorem. 

 
Theorem A.3.6. Let A  be an attractor with the basin of attraction W  and K W�  a compact set. 

If ( )kX t K�   for some sequence kt �� , then ( )L X A� . 
4. Interpolated stochastic approximation process 

Finally, Proposition A.4.1 by Benaim [1999], provides the main link between stochastic processes 
(A.1.1) and deterministic dynamical systems. 

 
Proposition A.4.1. (Benaim). Consider a stochastic approximation process (A.1.1). Let 0 0
 �  and  

 
1

1 for t
n ss

t
 D
�

� � , (A.4.1) 

and define the interpolated process : mf � � m
� �  by 

 1

1

( ) ,0 . for all n n
n n n

n n

x xf s x s n s
 D

 


�

�

; <�
� � � � = => ?�@ A

,,0,0,0   (A.4.2) 

Assume that for all 0T 	 , 

 � �1

1limsup : 1,..., ( ) 0
k

l l nl
n

U k n m TD 
�

�
��

� � � � , (A.4.3) 

where ( ) sup{ 0: }m t tOO 
� � = . Then f  is an asymptotic pseudotrajectory of the flow L  induced 

by f . Under these conditions, any limit set of stochastic process (A.1.1) will be contained in the limit 
set of the asymptotic pseudotrajectory defined in the proposition. 
 
 
5. Multiple-timescales algorithm 
 

In the preceding sections, we have used a fixed stepsize schedule � �
0t t

D
�

. In the “ODE approach” 
to the analysis of stochastic approximation, these are viewed as discrete non-uniform timesteps. Thus, 
one can conceive of the possibility of using different stepsize schedules for different components of 
the iteration, which will induce different timescales into the algorithm. From a multi-agent (2 players) 
learning point of view, this is exactly what occurs when the assumption that we have a stationary 
random environment is no longer true. In multi-agent learning, the player’s strategies are all changing 
simultaneously as each player learns and, consequently, the sampled rewards do not come from a 
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stationary distribution. 
We first show an example using two timescales from [Borkar, 2008]. 
 � �1 1

1 1,t t t t t tx x h x y MD� �� �� � ��  , (A.5.1) 

 � �2 2

1 1,t t t t t ty y g x y MD� �� �� � ��  , (A.5.2) 

where : , :d k d k dh h� � �, :d k d k dd k d �, : k:,d  are Lipschitz and � � � �1 2

0 0
,t tt t

M M
� �

 are martingale difference 

sequences with respect to the increasing ! � fields, 
 � �1 2, , , , , 0t s s s sx y M M s t t! = �s, s,t � s�xs! . (A.5.3) 

Stepsizes � �
0
, {1,2}i

t t
iD

�
�  are positive scalars satisfying, 

 � �
2

2

1
, , 0 , {1,2}asi i t

t tt t
t

t iDD D
D

� � B � � �� �  . (A.5.4) 

The last condition implies that 2 0tD �  at a faster rate than 1

tD , implying that (A.5.2) moves on a 
slower timescale than (A.5.1). The concept is shown in figure A.5.1. 

 
 
 
 
 
 
 
 
 

Figure A.5.1. Two timescales 
 
 

Figure A.5.1 shows an iterative algorithm (outer slow loop) call for a particular subroutine (inner 
fast loop) in each iteration. The subroutine itself is another iterative algorithm. The traditional method 
would be to use the output of the subroutine after running it long enough (i.e. until near convergence) 
during each iterate of the outer loop. But the foregoing suggests that we could get the same effect by 
running both the inner and outer loops (i.e. the corresponding iterations) concurrently, albeit on 
different timescales. Then the inner fast loop sees the outer slow loop as quasi-static (almost a 
constant) while the latter sees the former as nearly equilibrated. 

Using the same reasoning behind the two timescales concept, Leslie and Collins [2003] extended it 
to multiple timescales and used it in representing a multi-agent (many players) environment. This is 
shown in figure A.5.2. 

 
 
 
 
 
 
 
 
 
 
 
 

Figure A.5.2. Multiple timescales 


