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Abstract 

 

Public transit is widely recognized as a key factor in the economic growth and sustainability 

of a society. The efficiency of public transit systems depends on many factors, including the level 

of demand, and system planning and operation. Also, the efficiency does not depend on any 

specific mode alone but on the way that different transit modes cooperate or integrate together in 

one transit system. A better understanding of the definitions and fundamental characteristics of 

each one of these services, as well as the different interests of operators and users, would lead to 

more sustainable society. 

Traditionally, transit systems are designed to contain fixed-routes, and passengers move to 

predetermined stops to use the service. Fixed-routes is known to work very well for densely 

populated cities as the passengers’ loads (demand) are high. However, in low demand regions (e.g., 

sprawled suburban areas), the optimal spacing between fixed-routes stops and headways are often 

to be relatively large to reduce the total system cost. Hence, passengers have to walk for longer 

times to and from for fixed-routes stops and wait for long times too. As a result, people may give-

up using the public transportation and the service become unprofitable for the operators. Many 

local authorities are required to subsidize these types of services to keep them running. In such 

cases, adding flexibility to transit systems seems desirable.  
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With the spread of population, jobs, and passengers’ desires to be transported to different 

locations with different schedules, the need for new transport services has become a desire need. 

Many solutions have been implemented to increase the transit systems flexibility, one such 

solution is providing new types of services where no fixed-route or schedules are needed. Those 

services are called the flexible transit services. Flexible transit services include a wide range of 

hybrid services that are not fully fixed-route or demand responsive services. These services have 

led to several benefits, including more cost-effective service and flexibility in accommodating 

demand. However, there is still much cautiousness concerning the implementation of flexible 

services, since it might not be suitable for all demand patterns and their operating costs are high.   

The scope this study is on the strategic and tactical planning for the fixed-route services and 

the operational planning for the flexible services. The main goals of this study are to introduce a 

whole framework for designing different types of public transit services such as fixed-route and 

flexible services and improving their performance to satisfy different interests for users and 

operator. In addition, introducing several ideas for the combination or integration of these two 

types of services. The results show that introducing combined or integrated transit service can 

reduce the total cost for the operator, passengers and total travel distances for all passengers. 
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Chapter 1 

Introduction  

 

 

1.1 Background  

Public transit is widely recognized as a key factor in the economic growth and sustainability 

of a society. The efficiency of public transit systems depends on many factors, including the level 

of demand, and system planning and operation. Also, the efficiency does not depend on any 

specific mode alone but on the way that different transit modes cooperate or integrate together in 

one transit system. A better understanding of the definitions and fundamental characteristics of 

each one of these services, as well as the different interests of operators and users, would lead to 

more sustainable society. 

Traditionally, transit systems are designed to contain fixed-routes, and passengers move to 

predetermined stops to use the service. The fixed-route design problem was studied as early as in 

the 1960s, with the aim of optimizing different objectives (e.g. minimizing operating and 

construction costs, minimizing the fleet size, and maximizing the accessibility and coverage). 

Fixed-routes is known to work very well for densely populated cities as the passengers’ loads 



 

 
2 

 

(demand) are high. However, in low demand regions (e.g., sprawled suburban areas), the optimal 

spacing between fixed-routes stops and headways are often to be relatively large to reduce the total 

system cost. Hence, passengers have to walk for longer times to and from for fixed-routes stops 

and wait for long times too. As a result, people may give-up using the public transportation and 

the service become unprofitable for the operators. Many local authorities are required to subsidize 

these types of services to keep them running. In such cases, adding flexibility to transit systems 

seems desirable. Figure 1.1 shows the different forms of flexibility in terms of route, vehicle 

allocation, vehicle typology, fleet operator, type of payment, and passenger category.  

 

Figure 1.1. The Demand Responsiveness of Public Transport (Brake et al., 2006) 

 

With the spread of population, jobs, and passengers’ desires to be transported to different 

locations with different schedules, the need for new transport services has become a desire need. 

Many solutions have been implemented to increase the transit systems flexibility, one such 

solution is providing new types of services where no fixed-route or schedules are needed. Those 

services are called the flexible transit services. Flexible transit services include a wide range of 

hybrid services that are not fully fixed-route or demand responsive services. These services have 

led to several benefits, including more cost-effective service and flexibility in accommodating 

demand. However, there is still much cautiousness concerning the implementation of flexible 

services, since there have also been many examples that have failed (Papanikolaoua et al. 2017). 

Davison et al. (2012) points out that one recurring feature of failure is that the type and/or scale of 

flexible services operation introduced is often not appropriate for the market to be served. 
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Recently, the issue of social equality in transportation become an interest in public transport 

planning and policy. The part of a community who often experience social inclusion in transport 

are the families who have kids, low-income groups, elderly, and people with disability. For 

example, for elderly people, transport and mobility form vital links to friends, family, and social 

activities. According to (Age UK, 2017), elderly people agree that the television is their main form 

of company and they rarely have conversations with friends or family. One of the reasons for this 

is limited mobility and the difficulties older people encounter when using public transport. The 

key issue about of social inclusion is public transportation availability, accessibility, and 

affordability. 

The integration transport concept is one of the solutions that can improve the public transport 

mobility and lead to more sustainable society. The transport integration between different transit 

services (e.g. fixed-route and flexible) might happen in different forms depending on the target 

aims. For example, improving the coverage and availability to rural areas can be done by extending 

the public transportation with flexible service to link with the existing fixed-route stops. In this 

case, flexible services integrate with fixed-route services to cover the areas where it is inadvisable 

to run fixed-route service. Moreover, the integration can have many other aims such as decreasing 

the total costs, offer cheaper services, increases the accessibility. In other words, implement 

integrated transport system may lead to more sustainable society and simultaneously transport 

equity. 

In the most general sense, the interests of operators and users are conflicting. Operators’ 

interests include minimized the number of routes, less total route lengths, and maximum profit. 

While users’ interests include providing cheap and direct service, covering a large area, and service 

comfort. Local authorities interests show up to balance between these two conflicting interests 

with the aims of maintain running the public transport services. In addition to, providing a suitable 

level of service for the users and reasonable profits to the operators which may lead to that the 

authorities on some occasions have to provide subsidies to maintain running theses service. 

Depending on the demand levels, the served area, and target users there is a desire need for more 

innovative service and design concepts that combine these three different interests (authorities, 

users, and operators). 
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Figure 1.2. Different Interests of Authorities, Users, and Operators.  

 

The three previously mentioned interests can be included together in the design and planning 

of the public transport service. However, giving more weight to one of these interests can open 

new concepts for planning and design a public transit service. For example, a public transit service 

that combines both interests of users and operators in the design objective while giving more 

advantage to the users compared with other transit services can be seen as “user-oriented service”. 

In a similar way, other concepts for planning and design a public transit service can be created 

such as “operator-oriented” and “authorities-oriented” service.      

 

1.2 Challenges and Issues 

Although the design of the fixed-route and flexible services have been studied intensively by 

many researchers during the last decades, the combination or integration of these two types of 

services is still limited.  A good understanding of the common terms is necessary for an effective 

combination/integration, these include the overall objectives, the accurate design of services, the 

relation between the operating costs and level of service for transit services, and the different 

interests of users and operator. Most of the previous research studies have studied single parts of 

these common terms and individually design models have been introduced to accomplish 

individual design objective. However, a whole framework to study all of them and introduce 

different forms of combination/integration is still limited.   
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Previous design models for combined/integrated services have focused on cost minimization 

with a little attention paid to the users’ costs and interests. Some of these studies introduce a set of 

constraints and add terms to the design objective to ensure the quality of the provided service. 

With the assumption that these constraints or added terms are enough to ensure a good level of 

service for the users. However, some constraints/terms that are vital for a suitable level of service 

such as the transferring costs, and waiting time costs were missing. Moreover, incomplete 

modeling for all the attributes such as modeling the passengers’ transfers and hence introduce new 

constraints to control the maximum allowable number of transfers for each passenger. Also, 

missing the available onboard capacity of one of the services in the model and assume it has infinite 

capacity.  

   To my knowledge, none of the previous research studies have included the accurate design 

of the all the services when combined/integrated services are introduced. Some of the previous 

researchers have calculated approximate costs for one of the services. However, these 

approximated costs usually underestimate the costs as it assumes that this service has an infinite 

capacity to serve any number of passengers and is always fully occupied with passengers. As a 

consequence, the calculated overall costs are inaccurate as well as the optimal combination of the 

two services. 

In transit systems, there is always a relation between the operating costs and level of service. 

As more operating vehicles and routes in the system will increase the operating costs and the 

service quality for the users. For fixed-route service, this relation is straightforward and easy to 

quantify as knowing the average headways for each route enables us to determine the required 

number of vehicles and the operating costs. For flexible service, this process is more complex as 

the routes and schedules are not fixed. They are determined for different service times to 

accommodate the passengers' requests between different origins and destinations. It is believed 

that providing flexible services instead of the fixed-route services will reduce the costs, however, 

this might not be always true and this issue should be studied carefully.           

Studying the different interests of operator and users is also essential to maintain running the 

public transit services service, improve the services quality, and encourage people to use them. 

Local authorities try always to balance between these two conflicting interests to offer basic 

mobility to users with reduced costs as possible for operators. Developing a service that meets the 

needs of users efficient and effective with low costs for operators can be drawn through innovative 

service designs. However, authorities need guidelines and evaluation tools to clarify the 



 

 
6 

 

characteristics of different transit services and the efficient ways to provide them and combine or 

integrate them depending on the demand patterns.    

Therefore, I fairly believe that the design of transit services is still a subject of lively debate 

and there is a need for exploring the unstudied aspects. To clarify the different design objectives 

and constraints as well as introducing new innovative design concepts that can help in 

understanding the characteristics of different transit services. In addition to, provide the operators 

and authorities with more reliable design models and guidelines to be near enough to the real 

situations.         

  

1.3 Research Objectives 

The brief introduction shows the challenges and issues in the design of public transit services 

and improving their performance to satisfy different interests. The scope of this research is on the 

strategic and tactical planning for the fixed-route services and the operational planning for the 

flexible services. To sum up, the key objectives of this research were: 

1. Evaluate and enhance the planning methods for public transit services to improve their 

efficiency. 

2. Update the exciting design models for the fixed-route and flexible services to include the 

passengers’ interests in the design objectives. 

3. Explore the capability of flexible services as a transportation option in areas where the 

demand is low and road topography is not suitable for fixed-route services.  

4. Create a design framework to combine the fixed-route and flexible services as one 

multimodal service in cases where the demand is stochastic.  

5. Extend the coverage of the public transportation by integrating the flexible services with 

the existing fixed-route services. 

6. Provide the authorities and transportation agencies with useful guidelines and evaluation 

tools to clarify the efficient ways to provide different transit services depending on the 

demand patterns.  

7. Reconciling different objectives of users, operators, and authorities into innovative PT 

services and innovative design concepts. 

 

 



 

 
7 

 

1.4 Research Scope 

This study limits its scope to consider only the construction and operating costs for the 

operators without any consideration for the competition between different operators. Also, this 

study doesn’t consider the equity of the transit services between the travelers in the objective 

function or as a constraint in the design models.  

Furthermore, the choice of the provided service in case of combine or integrate many transit 

services will be taken by the operator only based on the design objectives which include both 

operators and travelers interests’. The travelers will accept the service provided by the operator as 

long as it satisfy their needs (e.g. total travel time and number of transfers). Also, the operator have 

to serve all the demand. 

Lastly, passengers’ behavior are not included since the design models presented in this study 

does not consider any passenger choice behavior and only consider the passengers’ interests in the 

design objectives or as constraints. 

 

1.5 Organization of Dissertation 

The dissertation is divided into eight chapters. After this brief introduction, Chapter 2 reviews 

the state of the art for the fixed-route and flexible services and a literature review of the relevant 

research work and ideas are discussed. Starting from unimodal transit services, Chapter 3 discuss 

the network design problem for the fixed-route bus service. I present a formulation which aims at 

minimizing the total welfare costs including the construction and operating costs for the bus 

service and the total in-vehicle travel costs for the users. In Chapter 4, another type of unimodal 

transit services, Dial-a-Ride, is presented. An exact formulation to design the Dial-a-Ride service 

is developed to minimize the operating costs and total travel times of all travelers.   

Chapter 5 gives a description for combining the fixed-route and flexible services in one 

multimodal service that serve all OD pairs under stochastic demand. In contrast with previous 

researchers, the accurate design of both fixed and flexible services are considered. The aim is to 

determine the amount of flexible service needed to complement a fixed service and minimize 

construction costs, operating costs and passengers’ costs. 

 Next, after discussing the unimodal and multimodal transit service, this study extends its scope 

to include the integrated transit services. In Chapter 6, the integrated flexible transit service with 
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given fixed services is discussed. The aim is to design the flexible service where part of the 

passengers’ trips can be carried by the existing fixed-route services. Two exact formulations are 

presented in an attempt to reduce the problem complexity. Then Chapter 7 shows a whole 

framework of the previous chapters where the design of the unimodal transit services is considered 

with the same concept of the multimodal service design. However, in this chapter, I override one 

of the limitations of the multimodal transit service and include the transfers between the fixed-

route and flexible services. The aim is to determine the amount of flexible service needed to 

complement a fixed service and minimize construction, operating and passengers’ costs where the 

transfers between the two services are allowed. 

Finally, Chapter 8 concludes the study by bringing out keynotes realized from the research and 

recommends important implications and contributions for society. This chapter also postulates 

possible future prospects for further research that can enrich the validity of the research findings.  
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Chapter 2 

Literature Review 

 

 

2.1 Overview   

Transportation networks are one of the essential tools for human society and economic gross 

in our globalized world. The importance of an efficient design of these networks for a given region 

cannot be overstated. The transportation networks can be represented by a set of nodes G and a set 

of links A, where link connects two nodes. Depending on the application for which I design the 

network (e.g. roads, electric, communication, water pipes) the links represents the connection that 

allows the movements of units in the network. In transportation networks, the links (lines) 

represent the infrastructure or supply side of the transportation. The links have characteristics such 

as capacity, speed and travel time data for roads. Transit networks are types of the transportation 

networks where the nodes represent vehicle stops and the links represent the service routes. For 

example, in a bus transit network, the nodes represent the bus stops and the links represent the bus 

routes. Some attributes can be defined to describe the stops characteristics such as XY coordinates, 
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dwell times, and frequencies of vehicles departure from the stop, while others can be defined for 

the links such as fares, schedules, headways, and speeds.  

Public transport includes a wide range of several transportation modes including the road based 

modes such as buses and taxis; the heavy and light rail systems such as metros and trams; water 

transport including ferries and ships; and air transport. The road-based public transport modes can 

be classified to Mass Public Transport modes (MPT) and Individual Public Transport modes (IPT) 

(Iles, 2005). MPT are the forms of public transport which are available to multiple passengers 

traveling independently of one another, usually operating on fixed or flexible routes. The IPT are 

those forms of public transport which are used by individuals. My interest here is the MPT 

including both forms of public transport which can operate on fixed or flexible routes. 

 In general, the public transit services, defined with fixed-routes and schedules, are most 

effective in large-population and high-density cities. The high passenger loads make these services 

more cost-efficient and one can offer frequent services and high densities of stations, which in turn 

reduce wait time and access time for passengers. On the other hand, the public transit services, 

which are defined with flexible routes and schedules, are thought to be effective in less population, 

less-density areas. These systems can provide higher service quality and friendly door-to-door 

services. However, due to its higher operating costs, it is still not clear whether it can be always 

costly effective or not? Here I will try to answer this question to clarify the role of flexible services 

in improving the service quality of public transport with and reduce the total costs.       

Let us call here the former services as fixed-route services and the latter ones as flexible 

services. In this chapter, I will give a review of these two types of public transit services and their 

main definitions and fundamental characteristics. Starting with the fixed-route service and 

gradually move in depth, I focus on the transit network design problems giving a review of the 

related previous research works. Following to this, with the same manner, I will give a general 

description of the flexible service and focus on the dial-a-ride problem. 

 

2.2 Fixed-route Service 

The fixed-route service carries commuters throughout the service area according to a set of 

fixed-routes and schedules. The characteristics of the area and the served demand define the basic 

components of the service. The design of the fixed transit service is commonly known as the transit 

network design problem. The question in transit network design problem is to determine a network 
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that has an optimal performance given specific design objectives. Hence, on one hand, there is a 

set of variables that determine the characteristics of the network while on the other hand, we have 

some design objectives to evaluate the performance of the network. Also, a set of constraints are 

defined to control the suggested solutions. The optimal network performance will include benefits 

to the users such as minimization of travel and waiting times and the number of transfers, and 

maximizing the accessibility and coverage, while to the system operator, minimization of the fleet 

size and operating costs, and maximizing the profits and service quality. Most commonly, planners 

always try to trade between users’ and operators’ benefits in terms of maximizing the total welfare 

which is represented by the minimization of the sum of users’ and operators’ costs. 

Generally, the transit network design problem is a part a bigger problem called the Urban 

Transportation Network Design Problems (UTNDP). According to Magnanti and Wong (1984), 

the UTNDP deals with three-step hierarchy decision-making process in transportation planning 

including strategic, tactical and operational decisions. 

 Strategic decisions are long-term decisions related to the infrastructures of transportation 

networks, including both transit and road networks. 

 Tactical decisions are those concerned with the effective utilization of infrastructures and 

resources of existing urban transportation networks. 

 Operational decisions are short-term decisions, which are mostly related to traffic flow 

control, demand management or scheduling problems.  

Figure 2.1 shows some examples for the UTNDP on its three levels strategic, tactical and 

operational. The shaded parts in the Figure are the decisions related to a network topology. The 

UTNDP can be divided into two main problems, the first problem is the Road Network Design 

Problem (RNDP) which mainly considers street networks and supposes that the public transit 

vehicles’ flow and the other private vehicles flows are homogeneous. According to Farahani et al. 

(2013) the RNDP can be classified into three groups:  

1. Discrete network design problem, which only concerned with discrete design decisions 

such as adding new lanes, constructing new roads and determining the turning restrictions 

at intersections.  

2. Continuous network design problem, which only deals with continuous design decisions 

such as scheduling traffic lights and determining tolls for some specific streets. 

3. Mixed network design problem, which contains a combination of continuous and discrete 

decisions.  
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Figure 2.1. Examples of Decisions in UTNDP (Farahani et al., 2013) 

 

While the second problem is the Transit Network Design and Scheduling Problem (TNDSP) 

which mainly considers the public transit networks’ topology, service frequency, and timetables. 

Due to its complexity, TNDSP is commonly divided into five steps that span tactical, strategical, 

and operational decisions as shown in Table 2.1. To ensure a good interaction for the whole 

framework between the five levels, the solution should consider all steps simultaneously. In a 

simultaneous approach, the five levels are dealt as one problem and solved at the same time. In 

other words, the routes’ configuration, frequencies determination, timetables, buses’ and drivers’ 

schedules are determined at the same time. However, due to its complexity, this global approach 

appears intractable in practice. Another approach is usually used by the previous researchers to 

tackle this problem which is the sequential approach were the five levels have been defined as 

various sub-problems. However, solving these sub-problems in a sequential manner loses and 

optimality guarantee (Guihaire and Hao, 2008). Kepaptsoglou and Karlaftis (2009) mentioned that 

“researchers in the fields of operations research and optimization argue that sequential methods 

often provide inferior results compared to methods that simultaneously optimize all aspects of a 

system.    

The main interests in this chapter are levels (1, 2); the transit network design and the scheduling 

problem. In the level (1), the goal is to define the service routes (e.g. bus routes) with the sequences 

of all the bus stops for all routes. The inputs here are the area topology components such as roads, 

possible places of bus stops, terminals, and transfer locations. Origin-Destination (OD) matrices 

to define the number of passengers willing to travel from each origin to each destination in 

predefined time periods should also be prepared. Some constraints can be applied by the operators 

to reduce the costs by forcing the maximum number of lines, total route length and the maximum 

number of vehicles. Other constraints can be used to increase the demand satisfaction and decrease 

the number of transfers. Another constraint can be the maximum route directness which can be 
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defined as the difference between the route length between two bus stops by bus service compared 

to the same trip by any other direct transportation mode (like taxis).  

In the level (2), after the bus routes’ alignments have been identified, the associated frequencies 

for every route and for each time period should be calculated. Here I express the frequency for 

each hour and its inverse over a predefined time period is known as the headway which the time 

elapsing between two consecutive departures on the same line. The inputs for this step are the 

transit route network that has been identified earlier as well as detailed OD matrices providing a 

demand data for specific time periods. These periods may represent the different time of day, week 

and season. Information determining the service capacity of the public transport services such as 

the number of available vehicles, their capacities are also needed. Also, a set of constraints can 

include keeping the users’ satisfaction to a certain level by avoiding the overcrowding, large 

waiting and transferring time. Higher and lower limits can be imposed on the line frequencies. 

The two previous sub-problems, the transit network design and transit network frequency 

setting, are commonly known as the transit network design problem. Guihaire and Hao (2008) 

stated that the two sub-problems should be considered as one problem for better interaction and 

results. Szeto and Wu (2011) concluded that the solving the transit network design problem in a 

sequential manner does not necessarily result in an overall better solution than the simultaneous 

approach. However, Yu et al. (2005) mentioned that the two sub-problems should not be solved in 

a simultaneous manner since the construction of the route network should not be influenced by the 

frequency setting. The reason is that the route network is much more stable and does not change 

after we obtain it. On the other hand, frequencies are considered as a flexible component and can 

be affected by other factors such as passenger flow and road conditions. Guihaire and Hao (2008) 

also added that a passenger trip assignment will be needed in the transit network design, however, 

without the determination of the frequencies, it will be a hard task to assign paths to the passengers. 
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Table 2.1. Transit Network Design and Scheduling Problem (Ceder and Wilson, 1986) 

Level Planning Activity Independent Inputs Output 

1 Network Design 

Demand data 

Supply data 

Route performance indices 

Route changes 

New routes 

Operating strategies 

2 Setting Frequencies 

Subsidy availability 

Buses availability 

Service policies 

Current patronage 

Service frequencies 

3 Timetable Development 

Demand by time of day  

Times for first & last trips 

Running times 

Trip departure times 

Trip arrival times 

4 Bus Scheduling 

Deadhead times 

Recovery times 

Schedule constraints 

Cost structure 

Bus schedules 

5 Driver Scheduling 
Driver working rules 

Run cost structure 
Driver schedules 

 

 

2.3 Transit Network Design Problem 

The Transit Network Design Problem (TNDP) focuses on defining the transit line layouts and 

the associated operational characteristics to optimize specific objective functions such as the 

minimization of the weighted sum of the operators’ and users’ costs (Ibarra-Rojas et al., 2015). 

The optimal network design should satisfy the users’ needs such providing direct service with the 

reasonable fare, covering large areas and keeping a certain level of comfort. Also, operators’ 

interests should be included such as the minimized number of routes, less total route lengths, and 

maximum profit.     

In the most general sense, the interests of operators and passengers can be accomplished by 

the configuration of the routes alignments and the setting of the associated frequencies. A higher 

number of stations and routes as well as higher frequencies would be more desirable for the 

passengers. However, this will result in higher operating costs and make the service unprofitable,  

which is undesirable for the service operators. In such cases, the optimal design of routes and 

frequencies of the system from the viewpoints of both users and operators poses a design trade-off 

between the conflicting objectives (Mauttone and Urquhart, 2009). A good understanding of the 

common terms is necessary for modeling the TNDP, these include the problem objectives, decision 
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variables, constraints, and solution techniques. These terms will be discussed in the following 

paragraphs showing the works that have been done by previous researchers.  

The TNDP has been extensively studied and different objective functions have been 

investigated. The objective functions for the TNDP can be summarized as follows: (1) operator 

cost minimization, (2) user benefit maximization, (3) total cost minimization, (4) environmental 

protection and (5) individual parameter optimization. Van Nes and Bovy (2000) have investigated 

six objectives to address the interests of users, operators, and authorities. I list here some of the 

tested formulations as follows:     

 Minimum total travel time: this objective is concerned with the travelers’ perspective and 

includes the minimization of the in-vehicle, waiting, and transferring times.   

 Maximum operator’s profit: this objective is concerned with operator’s perspective, as the 

objective is aimed at maximize the total revenues reduced by the operational costs. 

 Minimum total cost: The travelers and the operator are both taken into account and this 

objective represents a trade-off between low travel times and low operational costs which 

enables the production of truly sustainable networks. 

According to Van Nes and Bovy (2000) profit maximization has shown to lead to profitable 

but unattractive from the traveler’s point of view, and total cost minimization leads to more 

acceptable results. Examples of previous studies concerned with user benefits can be found in Lee 

and Vuchic (2005), Zhao and Zeng (2006a, 2008) and Szeto and Jiang (2014). According to 

Kepaptsoglou and Karlaftis (2009) and Fletterman (2009), optimizing of the total welfare (total 

cost) is found to be the most popular as it incorporates both benefits of the users and the operator. 

Examples of studies using this objective can be found in Chien (2005), Fan and Machemehl (2006a, 

b), Borndörfer et al. (2008) and Cipriani et al. (2012). 

Most common decision variables used in TNDP are links alignments and frequencies’ 

determination (e.g. Fan and Machemehl (2006a, b) and Zhao and Zeng (2006a)). Other studies, 

considered fares (Chien and Spacovic, 2001) and bus stop locations (Yang et al., 2007). In terms 

of the nature of the decision variables, TNDP can be classified into three groups: (1) discrete 

network design problem that represents the choice of adding links to an existing network; (2) 

continuous network design problem which deals with capacity expansion or assignment in the 

network and is particularly sensible for road network when specifically discussing signalization 

and ramp metering; and (3) mixed network design problem which concerned with both adding new 

links and improving existing link. Yang and Bell (1998) mentioned that mixed network design 
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problem involving both the discrete and continuous decision variables simultaneously can be a 

closer representation of the realistic transport planning decision. 

Authorities may also define constraints on access distance or on frequency. Such constraints, 

however, may have significant consequences for the characteristics of the transit network (Van 

Nes and Bovy, 2000). Zhao and Zeng (2006a) have reviewed and summarized several types of 

constraints including the minimum and maximum load factors, maximum length and number of 

routes, the range of feasible frequencies, and the bus fleet and operational budget. Headway bound 

constraints were used by (Fan and Machemehl (2006a, b), Mauttone and Urquhart (2009), and 

Szeto and Jiang (2014)) while fleet size used in studies carried by Fan and Machemehl (2006a), 

Zhao and Zeng (2006a, 2008)), and Szeto and Jiang (2014)). Others used constraints for road 

directness as in Yu et al. (2005) and Zhao (2006b).  

Apart from the combinatorial nature and according to Nes (2002), there are two aspects making 

the transit network design problem as a complex problem. The first aspect is the conflict between 

the operator and travelers interests. As I stated earlier, the operator favors a minimal network in 

space and time to reduce the total costs and maximize their profit. On the other hand, the travelers 

prefer the cheaper and more direct, larger coverage and comfort service. This aspect is illustrated 

in Figure 2.2. In order to deal with this conflicting point of view, the network design should include 

design objectives that incorporate both operator and travelers interests. 

 

Figure 2.2. Illustration of the Difference in Optimal Network Structures between the Operator and 

Travelers’ Interests (Van Nes, 2002) 

 

The second aspect is the fact that the travels’ behavior and the network design are strongly 

interrelated. If a change occurs in the structure of the network, the travels’ behavior will change. 
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As such, the network design problem is frequently seen as a Stackelberg game or Nash game (Van 

Nes, 2002). In both games, the decision maker, i.e. the operator, has a full knowledge of the 

decisions of the followers, i.e. the travelers, and uses this information to achieve his own objectives. 

A bi-level formulation can be used here where the upper-level problem is an actual design 

objective while the lower level problem describes the travelers’ behavior and deals with route 

choice behavior such as destination choice, or mode choice in case of different transportation 

modes are provided as transportation options. 

The TNDP is considered as a complex variant of the NP-hard problem. Many works have been 

done by many researchers on the TNDP and several approaches have been considered. 

Mathematical models include linear programming and some forms of integer and mixed integer 

programming have been used. Wan and Lo (2003) propose a linear mixed integer formulation of 

the bus network design and frequency setting where the objective is to minimize the total cost (i.e. 

operating and construction). To reduce the number of routes and decision variables, they model 

the routes to serve each direction of travel (forward and backward) instead of separate routes. In 

their model, the passenger behavior was not considered.  

Guan et al. (2006) proposed a binary linear integer program to optimize transit line layouts and 

passenger line assignments simultaneously. The objective was to minimize total costs in terms of 

total length of all transit lines, total passenger in-vehicle travel time and a total number of 

passenger transfers. However, in their model frequency configuration and the waiting time of the 

travelers were not considered. Barra et al. (2007) applied the constraint programming technique 

for their problem. Constraints related to passengers’ demand, level of service and budget were 

applied. Although these solution methods are exact, they can normally obtain solutions for small 

networks. 

Solution methods based on heuristics and metaheuristics are often used. The examples are a 

neighborhood search method such as simulated annealing (Ex: Zhao (2006), and Zhao and Zeng 

(2007)), tabu search (Ex: Zhao et al. (2005) and Pacheco et al. (2009)) or evolutionary search such 

as genetic algorithms (Ex: Hu et al. (2005), Szeto and Wu (2011), and Cipriani et al. (2012)). 

Genetic algorithm based method was presented by Tom and Mohan (2003) to determine the transit 

lines routes and frequencies. Their objective function was to minimize both operating costs and 

passengers total travel time. Gao et al. (2004) presented a bi-level optimization model where the 

upper model is a normal transit network design model while the lower model is a transit 



 

 
18 

 

equilibrium assignment model. They proposed a heuristic algorithm based on sensitivity analysis 

to solve the model. 

Fan and Machemehl (2006b) used the simulated annealing to solve a nonlinear mixed integer 

formulation with a multi-objective function. Their aim was to minimize a weighted sum of user 

costs, operator costs, and unsatisfied demand costs. They concluded that simulated annealing is 

better than the genetic algorithm for a given computational budget and target convergence rate in 

the objective function value. Zhao, F. (2006b) solved the TNDP to minimize transfers and 

maximize service coverage. An integrated simulated annealing and genetic algorithm is used. Fan 

and Machemehl (2011) approached the spatial equity issue by applying a bi-level model to the 

transit network redesign problem. The upper-level of their model minimizes the operator cost, user 

cost, and unsatisfied demand, while the lower-level addresses the transit assignment problem. A 

genetic algorithm based solution procedure was used to solve the problem. Their results show that 

total travel costs increase when network designs take spatial equity into account. 

Yao et al. (2014) used tabu search algorithm to solve a robust optimization model that satisfies 

the demand of passengers and provide reliable transit service. The objective function of the model 

was to maximize the efficiency and reliability of the transit network considering the efficiency of 

passengers’ trips including time cost, transfer times and the transit network reliability. Hybrid 

artificial bee colony (ABC) algorithm was developed by Szeto and Jiang (2014) to solve a bi-level 

problem. The upper-level problem is to determine the frequencies and route structure for all transit 

lines and the lower-level problem is a transit assignment problem with capacity constraints. Their 

objective was to minimize the number of transfers. Waiting time was incorporated into the model 

of users’ behavior, but were not included in the planner’s objective function. 

In this section, the transit network design problem was discussed in details showing the several 

objectives functions, decision variables, and constraints used by previous researchers. Due to the 

problem complexity, most of the previous researchers used the heuristics and metaheuristics to 

solve the problem. Also, the models considering exact solutions are still limited for small networks. 

The optimal design of routes and frequencies of the system from the viewpoints of both users and 

operators poses a design trade-off between the conflicting objectives. Considering this trade-off in 

the models makes the problem more complex and still need more consideration in the design model.  
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 2.4 Flexible Services  

Public transport services were usually recognized in the past as a fixed-route service that 

operates along a fixed-route with predetermined stops to collect passengers at fixed schedules. 

Population and jobs have become more spread out, and economic and social changes have led to 

complicated personal activity patterns that require the more flexible possible personal mobility. 

However, with the increase of passengers’ desires to be transported to different locations with 

different schedules, the need for new transport services has become a desire need. Recently public 

transport services have included these new types of services where no fixed-route or schedules are 

needed. Those services are called the flexible transit services. 

Developing a service that meets the needs of commuters efficient and effectively can be drawn 

through innovative service designs. Flexible transit services include a wide range of hybrid 

services that are not fully fixed-route or demand responsive services. According to Potts et al. 

(2010), flexible public transit services can be categorized as six service types: 

 Route Deviation: vehicles are running on predefined paths and schedules. The vehicles 

may deviate to serve demand-responsive requests within a zone around the path within a 

well-defined width. 

 Point Deviation: vehicles are running without any regular path between the stops to serve 

demand-responsive requests within a zone as well as serving a limited number of stops 

within the zone.  

 Demand-Responsive Connector: vehicles are operating between demand locations and 

transfer points on a fixed-route network. This service has a high percentage of ridership to 

or from the transfer points. 

 Request Stops: vehicles operating in predefined fixed-route and schedule. However, 

vehicles may serve a limited number of undefined stops along the route in response to 

passenger requests. 

 Flexible-Route Segments: vehicles operating in conventional in predefined fixed-route and 

schedule, but switching to demand-responsive operation for a limited portion of the route. 

 Zone Route: vehicles operating in demand-responsive mode along with a corridor with 

established departure and arrival times at one or more endpoints.   

Figure 2.3 illustrates the planning and the coverage area for the previously mentioned six 

flexible service types.  
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Figure 2.3. Flexible Service Types (Koffman, 2004) 

 

2.4.1 Demand Responsive Services  

Demand Responsive Service (DRS) is a form of flexible transportation that can provide service 

in rural or suburban areas where fixed services may not be adequate. DRS is a form of public 
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transportation between the fixed and taxi services involving flexible routes and schedules of small 

or medium-sized vehicles. The customers will have to book the service in advance identifying their 

desired pickup and delivery locations with their associated pickup and delivery times. The route 

of vehicles can be updated daily or in real time by incorporating information such as customers’ 

requests and the vehicle capacity restrictions.  

Unlike taxis, DRS will share the vehicles with passengers. These shared rides can have many 

operation mechanisms such as door-to-door, curb-to-curb, and meeting points. According to 

Geiger (2007) door-to-door means that drivers may assist passengers all the way up to, and 

sometimes inside of, the building the passenger is destined for, while curb-to-curb represents the 

case when the drivers pull up to the curb of the building to pick up and drop off passengers, that is 

similar to a conventional taxi service.  

Westerlund et al. (2000) have reported a set of concepts for the service based on the definition 

of the stopping points and route flexibility as following: 

a) Stopping points 

 End stop points: similar to terminals.  

 Fixed intermediate stop points: similar to fixed bus stops. 

 Predefined stop points: which are recognized as meeting places (booking is required in 

advance).  

 Non-predefined stop points: which are not fixed and are generally the doorstep of the 

user (booking is required in advance).  

b)  Route flexibility 

 Semi-fixed-routes: DRS vehicles will depart from a terminal at predefined times and 

will stop at fixed intermediate stops. Also, deviations to other stop points can be made 

upon request.  

 Flexible routes: DRS vehicles will depart from a terminal at the predefined time but 

will only call at stop points upon request and there are no fixed intermediate stop points. 

 Virtual routes: there are no end or fixed intermediate stop points, that is more like a 

taxi service but with shared rides. 

According to Häll (2006), the DRS can be classified into four main types: 

1) Hail-a-Ride: a service based on fixed-routes operating in urban areas. Passengers are 

picked up and dropped off anywhere along the route. 
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2) Route deviation: a service based on fixed-routes. Passengers make a request in advance 

and the bus driver is notified with the location to pick up the passenger on the deviation 

part of the route.  

3) Dial-a-Ride: a service for which passengers call in requests in advance, specifying between 

which two locations they want to be served. 

4) Multi-hire taxi: a service that operates like a normal taxi, however, a vehicle can be shared 

by several passengers. 

The provided service should satisfy the users’ needs such providing cheap and direct service, 

covering a large area, and service comfort. Also, operators’ interests should be included such as 

minimized operating costs and maximum profit. Each one of the previous four DRS has a different 

degree of flexibility, operating costs, cost per passenger trip, and level of service. For example, 

Hail-a- Ride service represents the least flexible form of DRS. However, it offers the cheapest 

operating costs for the service provider compared with Dial-a-Ride service. Figure 2.4 shows the 

relation between the route flexibility and the timetables flexibility. For the same figure, the relation 

between cost per passenger trip and level of service is described in the same way.  

 

Figure 2.4. Relationship between Route Flexibility and Timetable Flexibility, and Between Cost per 

Passenger Trip and Level of Personalized Service, for the Demand Responsive Services (Häll, 2011) 

 

Different researchers have identified many definitions for the Demand Responsive Services 

and a range of classifications has been introduced. For the purpose of this study and to clear the 

confusion for the reader, I classify the DRS to three main types; 
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1. Semi route deviation service: the service run on a fixed-route between two endpoints with 

fixed intermediate stops and can deviate to predefined stop points. 

2. Route deviation service: the service run on a fixed-route between two endpoints and can 

deviate to predefined and non-predefined stop points. 

3. Dial-a-Ride: a service for which passengers call in requests in advance, specifying between 

which two locations they want to be served. 

 

2.4.2 Demand Responsive Service Operation  

The flexibility and performance of the DRS depend on many different factors and the most 

important one is related to the technologies used in operating these services. The recent advances 

in the ICT platforms (advanced computers, web platforms, mobile communications, etc), ITS 

technologies, automated reservation and scheduling systems have supported the DRS operators to 

enhance the planning and quality of the DRS. Also, they made it easier for the customers to book 

trips, identify the user trip parameters and negotiation phases between the customers and the 

operator. 

The customer asks a request to the operator for the DRS with the user-specified data, such as 

origin/destination locations and pickup/delivery times through different ways (phone call, email, 

SMS ...etc.). The customer request data together with other customers’ requests are used to design 

routes and schedules for the DRS vehicles before the service hours or in real-time depending on 

the vehicle routing method. The customer will be informed of his request with the definitive 

schedule (or the operator rejects the request) and the customer decides whether he accept or reject 

the trip schedule suggested by the operator. Figure 2.5 shows an interaction diagram for the 

operation of the DRS. The gray arrows represent the customer activities during making a trip while 

the black ones represent the operator activities for the trip planning. 
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Figure 2.5. DRS Operation (Gomes, 2012) 

 

There are two methods for the DRS vehicles routing; the static routing and dynamic routing 

Psarafits (1980). In the static routing, the requests are gathered by the planners before the service 

start to design the routes and schedules. In this case, the information relevant to the routing does 

not change once the routes are constructed. In contrast, in the dynamic routing requests are 

received during the day and the vehicles’ routes and schedules are updated in real time. In dynamic 

routing some requests may be unknown in advance and routing information can change when a 

new request comes in (Cordeau and Laporte, 2003a). With the recent development of technologies 

including the automatic vehicle location (AVL) system, automated routing and scheduling, 

wireless communications, and vehicle navigation, the use of the dynamic routing increase rapidly.  

 

2.4.3 Demand Responsive Service Performance Indicators  

In many cases, local authorities have to provide subsidies to keep and maintain the public 

transit service to serve residences and to decrease the social inclusion side effects. DRS can help 

the local authorities to cover larger areas with low costs compared to the traditional fixed services. 

However, due to its high operating costs, service providers, as well as local transit agencies, have 

to balance between the quality of this service with its cost and efficiency while providing the 

minimum level of performance required. Using the amount of demand served by DRS as an 

indicator of the service performance may not be efficient. For example, if the demand served by 

DRS has been decreased it might be positive if demand has shifted to use the fixed service. 
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However, it might be negative if it represents a reduction in the mobility. Standardized methods 

of measuring the performance and cost-effectiveness of DRS are needed. KFH Group (2008) 

suggests five Key Performance Indicators (KPI) for DRS as follows: 

1) Passenger trips per revenue hour: it captures the ability of the DRS (productivity) to schedule 

and serve passenger trips with similar origins, destinations, and time parameters, using the least 

number of in-service vehicles and revenue hours: 

passengers trips per revenue hour = total passenger trips / total revenue hours 

2) Operating cost per revenue hour: it is a cost-efficiency measure that establishes the financial 

resources needed to produce a unit of service: 

operating cost trips per revenue hour = total operating cost / total revenue hours 

3) Operating cost per passenger trip: it is a cost-efficiency measure combining the two previous 

indicators (1, 2) in order to relate productivity to the hourly operating cost: 

operating cost trips per passenger trip = total operating cost / total passenger trips 

4) On-time performance: it is considered the most important measure of service quality from a 

DRS users’ perspective. It also measures the reliability of the service: 

on-time performance = (total on-time trips, including no-shows,+ early trips) /               

(total completed trips + no-shows + missed-trips) 

5) Safety incidents per 100,000 vehicle kilometers: the safety incident rate can be seen as one that 

incorporates an assessment of both service operations as well as passenger service quality. The 

definitions of American National Transit Database (NTD) are used to define and measure 

safety and accident rates by using the classifications of NTD major incidents and NTD non-

major incidents: 

safety incidents per 100,000 vehicle miles = [(NTD major + non-major safety incidents) / 

(total vehicle miles) x 100,000] 

 

 

2.4.4 Demand Responsive Services in Real World 

Many local authorities and transit operators have used the demand response services as one of 

the provided transportation services. Several factors such as the demand, coverage area, budget, 

or target passengers define the characteristics of the provided service. In case of low-density areas, 

the service has been used in New Mexico City within the rural areas of Santa Fe County (FTA, 

2017). It was reported that the demand responsive service was the only transportation service as 
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no bus service is available. In Corpus Christi City in Texas, the service was implemented as a rural 

route into Corpus Christi and was named as Route 67 Bishop Driscoll (Koffman, 2004). 

In Lancaster, Pennsylvania, the Red Rose Transit Authority provides DRS for the locations 

were no fixed-route services. According to the specification of the service, the trips can be served 

at least one day in advance and at maximum up to 14 days in advance. Also, the limits of the time 

window are 15 min before and after the desired pick up time. For example, if the customer asked 

to be picked up at 10:00 am, the vehicle will come to pick the customer from 9:45 to 10:15 am. So 

the customer is asked to be ready early and wait at the exact address used for scheduling the trip. 

The service provider puts some rules also regarding the delay, canceling, or no show-up cases. 

They stated that the driver will only wait for 5 min for the customer at the pickup location. If the 

customer wants to cancel his trip he has to call the provider at least on hour before the scheduled 

pickup time. Also, the service provider will charge the customers who don’t show at the pickup 

address.   

The demand responsive service can be also used to provide a service for specific needs or users 

gain some useful social roles for society. For example, Louisville, Kentucky, USA, the Transit 

Authority provide the DRS to arrange job hunters to pick up job seekers and take them to and from 

area job fairs (Red Rose Transit, 2017). Also in New York, the DRS is provided to transport people 

from the transit agency area to a manufacturing plant located outside of the transit agency’s service 

area. In large metropolitan areas where the demand is high and the service area is larger, the DRS 

is used alongside with the fixed-route services. In San Diego, commuter rail, light rail, and 

extensive fixed-route bus systems are operated in the northern portion of San Diego County 

(NCTD, 2017). The service area of more than 1,000 square miles is characterized by dispersed, 

suburban population densities. The flexible services link the suburban communities to commuter 

and light rail lines. 

In Switzerland, the DRS is used and called “PubliCar” (PostBus Switzerland Ltd, 2017). This 

service guarantees a basic transport service in rural areas where no fixed, scheduled service is 

economically feasible. It is found to be useful for those who cannot afford private cars. In the 

Netherland, a service called “Regiotaxi” is used to solve the last mile issue (Regiotaxi Utrecht, 

2017). As it assists passengers who used the railway services to travel onwards through to their 

final destination. According to Czioska et al. (2017) many companies have recently launched new 

shared DRS including popular ones like UberPOOL and Lyft Line, and smaller local start-up 
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companies such as Bridj (Boston, Kansas), Via (New York, Chicago, Washington D.C), 

CleverShuttle (Berlin, Leipzig, Munchen) and Allygator (Berlin).  

 

2.5 Dial-a-Ride Problem  

Dial-a-Ride (DAR) service is one of the demand responsive services which can provide shared-

ride service with flexible routes and schedules. Compared with other demand responsive services, 

DAR services offer a higher service quality (e.g. fewer transfers, access times, and waiting times). 

However, the operating costs are higher due to higher costs per passenger trip as shown earlier in 

Figure 2.4. DAR service is mostly used in low demand areas or large rural area for people with 

special needs and elderly persons, and areas with mobility difficulties. Customers will book the 

service in advance by providing the service provider with the required information such as the 

number of travelers, locations of the origin and destination of the trip, and the desired times for 

pickup and delivery.  

The service provider will gather all the travelers’ information and design the optimal DAR 

vehicles’ paths and schedules. The problem of designing vehicles’ itineraries and schedules is 

known as the Dial-a-Ride Problem (DARP). The DARP consists of designing vehicle routes and 

schedules for a number of users who specify pickup and delivery requests between origins and 

destinations (Cordeau et al., 2007). The DARP is a generalization of the Pickup and Delivery 

Problem with Time Window (PDPTW), in which passengers are transported between specified 

origins and destinations (Saeed and Kurauchi, 2015). When transporting passengers, reducing user 

inconvenience must be balanced against minimizing operating costs.  

Depending on the demand patterns DAR services may be classified as many-to-many (M-M) 

and many-to-one-to-many (M-1-M). In the case of (M-M), travelers may have different origins 

and destinations such as moving from their homes to different stations and shopping malls. If all 

travelers are picked up or delivered at the same location (e.g. hospitals and stations), the DAR 

service becomes (M-1-M). The (M-1-M) rises in the feeder services in rural areas which all 

travelers are collected and transported to the train station.    

Service quality has become an important element in the private and public sectors. For DAR 

service, due to the high level of service required by this type of transportation service, additional 

operational constraints must be considered. Quality of service criteria includes route duration, 

route length, customer waiting time, customer ride time (i.e., total time spent in vehicles), and the 
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difference between actual and desired delivery times. Paquette et al. (2009) conducted a survey 

about the quality of a DAR service. Based on their survey, the most frequent attributes used to 

express quality are time windows, deviations from the desired or promised time at the point of 

origin or destination, maximum trip time, and the deviation between trip time and direct travel 

time.  

Kurauchi et al. (2005) reported that a variety of request assignment methods exist. The “First-

Request-First-Serve” protocol, in which service is provided based on the sequence of requests, is 

simple but inefficient for handling many requests. An earlier request always has priority in the 

“First-Request-First-Assign” system but the results may not be globally optimal, as demand is 

assigned sequentially. Those authors stated that gathering all requests in advance and assigning 

them simultaneously is necessary to obtain an optimal global solution. 

The problem complexity makes DAR problem as an NP-hard problem, whose optimal 

solutions are very difficult to find, therefore most papers describing solution methods for DARP 

are based on heuristic and metaheuristics methods. Diana and Dessouky (2004) presented a parallel 

regret insertion heuristic to solve the DARP with a TW. The proposed algorithm was tested on 

datasets of 500 and 1,000 requests in Los Angeles County (CA, USA). The results showed that the 

quality of the solution was improved consistently when compared with the classical insertion 

heuristic. Luo and Schonfeld (2007) improved the parallel insertion heuristic by introducing a 

rejected-reinsertion heuristic for the multi-vehicle DARP. Their proposed method resulted in a 

17% improvement over the parallel insertion heuristic. 

Wong and Bell (2006) proposed using the modified insertion heuristic to solve static DARP. 

Lois et al. (2007) developed a very large scale neighborhood heuristic algorithm to solve the multi-

vehicle DARP. The proposed heuristic was tested for small samples of up to 28 requests. Cordeau 

and Laporte (2003b) described a tabu search heuristic for the static multi-vehicle DARP and tested 

it using randomly generated data from 24–144 requests. Attanasio et al. (2004) updated the work 

of Cordeau and Laporte (2003b) and introduced the parallel tabu search for the dynamic multi-

vehicle DARP. The computational results indicated that parallel computing is useful for solving 

real-time vehicle routing problems.  

Paquette et al. (2013) proposed a multi-criteria algorithm incorporating a tabu search process 

with the aim of optimizing cost and service quality criteria. A variable neighborhood search was 

used by Parragh et al. (2010) for the static multi-vehicle DARP.  Additionally, Muelas et al. (2013) 

developed a new variable neighborhood search and tested it on a set of 24 different scenarios in a 
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large-scale DARP in San Francisco (CA, USA). Masson et al. (2014) developed an adaptive large 

neighborhood search to solve the DARP with transfers. 

While the DARP can be solved exactly by various techniques, exact approaches for the solution 

to real-world problems (typically consisting of hundreds of requests) are not practical. The 

required solving time is often excessive as the problem is NP-hard. Psarafits (1980) applied 

dynamic programming to solve static and dynamic single-vehicle DARP. He used a generalized 

objective function to minimize the weighted sum of route completion time and customer 

dissatisfaction. Dynamic programming algorithms can also be found in Psarafits (1983) and 

Desrosiers et al. (1986). 

Cordeau (2006) proposed a three-indexed formulation for the DARP and provided a branch-

and-cut algorithm to find the optimal solution. The author used new valid inequalities for the 

DARP and known valid inequalities for the vehicle-routing and pickup and delivery problems. The 

numerical experiments were solved optimally for up to 36 requests. Later, Ropke et al. (2007) 

applied the branch-and-cut algorithm with a more efficient two-index problem formulation and 

additional valid inequalities to solve the PDPTW. In this case, up to 96 requests were possible to 

establish optimal efficiency. According to Cordeau and Laporte (2007a), the PDPTW is a DARP 

without the maximum ride time constraint.  

Hu and Chang (2013) applied the branch-and-price approach to design vehicle routes and 

schedules. The aim of their study was to explore the influence of the TW on traffic conditions. The 

results showed that the length of the TW significantly affects the objective value and 

computational time. Saeed and Kurauchi (2015) also used the branch-and-cut algorithm in solving 

the DARP, and up to 65 requests were solved optimally within 2 hours. Their objective function 

included both operator and passenger perspectives, also they have focused on the quality of the 

provided service with respect to different user types. 

In this section, the dial-a-ride problem was discussed in details showing the several objectives 

functions, decision variables, and constraints used by previous researchers. Most DARP studies 

have been based on heuristic methods, as optimal solutions are difficult to find. Also, the models 

considering exact solutions are still limited to solve small-sized problems. Most have been 

concerned with minimizing computing time and operating costs with less attention paid to 

maximizing the service quality provided to travelers.  
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2.6 Summary  

In this chapter, I gave the main definitions and fundamental characteristics of traditional and 

flexible route services. Starting with the fixed-routes services, I defined the different stages of 

transportation planning. Also, the definitions and variants of the Road Network Design Problem 

(RNDP) and Transit Network Design and Scheduling Problem (TNDSP). My main interest in this 

chapter was focused on the first and second levels of the transit network design and scheduling 

problem, i.e. transit network and frequency setting, which are known as the transit network design 

problem. I gave a review of the previous work which has been done on the TNDP including the 

problem objectives, decision variables, constraints, and solution techniques. I also discussed the 

problem complexity and the different aspects making it a complex problem. Previous researchers’ 

have tried to deal with the problem complexity by appropriate objective function, problem 

formulation, and solution techniques.  

Later, I have discussed the flexible route services and the general categories. The demand 

responsive services were my interest here in this chapter and I have discussed the different degrees 

of flexibility in these services. Also, I give a brief introduction about the DRS operation 

mechanism and some of the indicators used to measure the performance of these services. I have 

also shown some real-world DRS examples and the purpose of each service. The dial-a-ride service 

is one of the DRS and the design of the vehicles routes and schedule is known as the dial-a-ride 

problem. The DARP was discussed in details in this chapter with a review of the previous related 

research work. Due to its high level of service addition constraints have to be included which make 

the problem an NP-hard problem. Many solution techniques have been used to solve the problem 

and most of them were based on heuristics and metaheuristics.   

 The brief literature review shows the challenges and issues in the design of public transit 

services. The work related to the design of single service type, i.e. fixed-route and flexible, still 

lack some modeling attributes related to the passenger inconvenience such as the waiting times 

and transfer costs in the TNDP. In addition to, the total travel times and giving more attention to 

the service quality in the case of flexible services. Also, Most of the previous work use heuristics 

and metaheuristics method to override the design models complexity and the exact solutions are 

still limited to small-sized networks.  

In some occasions, it might be more efficient to combine/integrate the transit services better 

than provide single services. Although the design of the fixed-route and flexible services have been 
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studied intensively by many researchers, the combination or integration of these two types of 

services is still limited. Moreover, the little previous work that tried to study some forms of 

combined or integrated services didn’t consider all the important terms in the design such as the 

accurate design of all services and the different interests of users and operator. As a consequence, 

the whole framework to study all of the common terms and introduce different forms of 

combined/integrated service has not been introduced.   
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Chapter 3 

Design of Unimodal Transit Service: 

Fixed-route Transport  

 

 

In the previous chapter, I discussed the fixed-route transit service design and dial-a-ride 

problems and the related research works. For the fixed-route transit service design problem, 

different objective functions have been used to express different design needs and express the 

passengers’ and operator’s interests. Also, different decision variables, constraints, and solution 

techniques have been used in modeling and solving the problem. However, due to its complexity, 

most studies have been based on heuristic and metaheuristic methods, as optimal solutions are 

difficult to find. The aim of this chapter is, therefore, to consider exact mixed integer formulation 

for the TNDP to determine the route alignments and associated frequencies in a simultaneous 

manner. Also, it considers a design objective that incorporates both operator and travelers’ interests. 
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3.1 Model Formulation 

In this section, I will explain the model formulation for network design problem for the fixed-

route bus service. Variable definitions followed by network descriptions as well as the 

mathematical formulation will be shown in this section.  

 

3.1.1 Variable Definitions 

The design of the bus service presented in this section involves finding the bus line alignments 

and the associated frequencies. The objective is to minimize the total welfare costs which are 

defined as the summation of operator’s and users’ costs. The operator’s costs include the 

construction costs and operating costs for the bus service and the users' costs include the in-vehicle 

travel time costs. The problem involving the determination of different variables related to the bus 

service design and passenger movements consists of (1) binary variables (Y) that specify the bus 

route alignments, (2) continuous variables (Z) that depict the passenger movements, and (3) 

continuous variables (F) that represent the frequency of bus lines.  

The following notations are used in the development of the proposed model: 

N Set of bus stops;  

A Set of arcs for the bus network; 

l
ij
 Link distance from node i to node j ; 

L Set of all bus transit lines in the network; 

Ds Set of dummy starting nodes for the bus network; 

De Set of dummy ending nodes for the bus network; 

N* The total number of nodes for one bus line (including dummy nodes for the bus line l); 

c
1

ij
 Bus operating costs for link ij; 

c
2

ij
 Bus construction costs for link ij; 

c
3

ij
 Passengers’ travel cost for link ij; 

Qb Bus vehicle capacity; 

W
l

ij
 Continuous variable representing the link frequency for link ij on bus line l; 

 Auxiliary variable indicates the sequence of station i on bus line l; 

f
l
 Continuous variable represents the bus transit line frequency; 


l
i
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Y
l

ij
 Binary variable denotes whether link ij is on bus line l or not; 

Z
ij
 Continuous variable represents the passenger flow from bus station i to bus station j. 

 

3.1.2 Network Description 

The bus service network is defined by a graph G (N, A), in which N is the set of nodes and A 

specifies the set of arcs. Each arc (i, j) ∈ A connects nodes i and j for i, j ∈ N, i ≠ j with a link 

distance, lij. Each bus transit line l ∈ L is associated with specified frequency fl ∈ f as well as lower 

and upper bounds for the route frequency, fmin and fmax, respectively. For more flexibility in 

selecting the origin and destination for each bus line I introduce a set of dummy links starting from 

node Ds ={ Dsl, l ∈ L} and a set of dummy links ending to node De ={ Del, l ∈ L} so that every bus 

line l has a fixed dummy starting node Dsl and a fixed dummy ending node Del. Dummy links  ( Dsl, 

il ), i ∈ N, l ∈ L and (Del, il ), i ∈ N, l ∈ L make it possible to connect every node i ∈ N with the 

dummy origin and destination nodes, respectively. I assume that each route serves both directions 

with the same line frequency.  

Figure 3.1 shows an illustrative example of the network representing two bus lines and three 

bus stops (1, 2, 3). Nodes (S1, S2) and (E1, E2) are the starting and ending dummy nodes for two 

bus lines, respectively.  

S1

S2

E1

E2

1

2 3

From bus stops to other 
bus stops 

From dummy starting nodes 
to all bus stops

From dummy ending nodes 
to all bus stops

Set 1

Set 2

Set 3

 

Figure 3.1. Network Representation Example for Two Bus Lines and Three Bus Stops  

 

3.1.3 Mathematical Formulation 

The objective of the model is to minimize the total welfare costs, i.e. the sum of the operator’s 

and users’ costs while serving the ride to all the OD pairs. 
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The objective function (3.1) is to minimize the total construction and operating costs for the 

bus service as well as the total in-vehicle travel costs for the users. Constraint (3.2) ensures that 

each line is connected to one starting dummy node only. Constraints (3.3) and (3.4) indicate that 

station i can be connected by one bus stop only for the same bus line from upstream and 

downstream, respectively. Constraint (3.5) ensures that each line is connected with one ending 
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dummy node only. Constraint (3.6) rules out the connectivity of bus line l at each station on the 

bus line should be connected by two links on the same line l. Constraint (3.7) ensures that every 

link is occupied by at most one bus line to ensures that there is “no common lines”. However, the 

common lines problem can be considered in our model by relaxing the common lines constraint.  

Constraint (3.8) represents the passenger flow balancing condition while constraint (3.9) ensure 

that there is enough capacity to meet the passenger demand heading from station i to station j. A 

set of constraints (3.10)-(3.12) are a linear relaxation of the nonlinear constraint (3.14) which is 

shown here as an illustration and will be removed in the calculation process. The boundaries of 

the bus line frequencies are set by constraint (3.13).  

 

3.1.4 Sub-tour Elimination  

In the previously proposed formulation, the coverage constraints can lead to isolated sub-tours 

that do not share any link with the corresponding commodity flow paths in the solution. Figure 3.2 

shows several examples of sub-tour occurrence. Nodes (1-8) represents the bus stop locations and 

nodes (S, E) represents the starting and ending dummy node, respectively. As shown in the figure, 

isolated sub-tours are found. Despite the shown network satisfies the connectivity constraints (3.2-

3.6) in the previous formulation, it doesn’t represent a feasible solution. These sub-tours can be 

prevented by adding sub-tour elimination constraints. Figure 3.3 shows the optimal network that 

satisfies the previous formulation and represents an optimal solution.  

 

Figure 3.2. Examples of Network with Sub-tours 
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Figure 3.3. Optimal Network with no Sub-tours 

 

Several polynomial-size versions of sub-tour elimination constraints have been presented by 

earlier researchers. Oncan et al. (2009) reviewed different variants of the traveling salesman 

problem with their sub-tour elimination constraints. I have chosen the Miller, Tucker, and Zemlin 

(MTZ) formulation Miller et al. (1960) which is known to provide tight bounds and add less 

number of variables and constraints. It was originally proposed by for a vehicle routing problem 

(VRP) where the number of vertices of each route is limited. I add a new integer variable  which 

represents the sequence of node i on the path of line l. Constraint (3.16) can be added to the 

previous formulation as a sub-tour elimination constraint. This constraint ensures the sequence of 

each bus stop visited on each bus vehicle itinerary so each bus stop is visited only once on a single 

continued path. The bus vehicle path starts from the starting dummy node (S) and passes through 

the selected bus stops then end with the ending dummy node (D) in one single path. By ensuring 

the bus vehicle path as one single continued path the occurrence of the isolated sub-tours can be 

prevented. 

 

1 N*YN* l
ij

l
j

l
i  ,   LlAij  ,  (3.16) 

 

3.2 Computational Results 

The solution algorithm described in this study was developed in Matlab (Matlab Inc., Natick, 

MA, USA), and the IBM CPLEX 12.6.1 academic version was used as the optimization solver, as 

it uses a branch-and-cut algorithm. The experiments were run on a 3.6-GHz i7-4960x computer. 


l
i
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The proposed formulation and solution algorithm were tested using the same network as in Wan 

and Lo (2003). There are 10 nodes and 19 undirected links, as shown in Figure 3.4. The number 

on each link represents the link cost. Each bus vehicle has a maximum capacity of Qb = 80 

passengers. At most, three bus lines are allowed in the network. The upper and lower bounds of 

the frequency are fmax = 20 veh/hr and fmin = 3 veh/hr, respectively. The unit operating cost per 

vehicle per unit length is c1 = 1 and the unit construction cost per unit length is c2 = 10. c3 was set 

as  0.01. 

 

 

Figure 3.4. Network Setting (Wan and Lo, 2003) 

 

The optimal solution objective function value is 2512 (1841 for operating costs and 671 for 

user costs) and the solution time was 5 min to reach the optimal solution. The movements of nine 

OD pairs are presented in Table 3.1, alongside the optimal solutions for the bus service design. 

The bus line alignments and passenger flows for the optimal solution for bus service are shown in 

Figure 3.5. The number on each link represents the passenger flow for the bus service. In this 

example, the bus lines visit all the nodes, which is not necessarily the case in general, even if the 

bus stop does not represent an origin or destination for any OD pairs such as bus stop (1). In this 

case, the final alignments include these nodes (i.e. bus stop 1) to offer the shortest path to use it as 

a transfer point between the different routes. In Figure 3.5 the nodes labeled in gray are the transfer 

stations which interconnecting the three routes. Also, the forward direction of a route is referred 

to as the left-to-right direction. 
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In Table 3.1 the stations marked with a border (e.g. 1) indicate the transfer station for each OD 

pair. Also, we observe that some OD pairs (e.g. 2-10 and 3-2) have offered a direct trip with the 

shortest distance between their origins and destinations. While other OD (e.g. 4-7, 5-8 and 6-9) 

are served by indirect trip between their origins and destinations. However, in both previous 

examples, all the passengers have not experienced transfers in their trips. In contrast, some OD 

(e.g. 7-6, 8-3, 9-4 and 10-5) will experience transfers, through bus stops (1, 2), during their trips. 

It means that the split of the OD pairs between the three routes in order to achieve minimum total 

costs for the operator and users.     

 

Table 3.1. OD Pair Details and Passenger Flow Results for the Bus Service  

OD 

Pair 

OD Demand 

(pass/hr) 

Path by Bus Distance 

(km) 

2→10 200 2-10 8 

3→2 150 3-2 10 

4→7 800 4-1-7 22 

5→8 350 5-6-1-2-8 17 

6→9 600 6-1-2-8-9 17 

7→6 250 7-1-6 16 

8→3 400 8-2-3 16 

9→4 450 9-8-2-1-4 23 

10→5 500 10-2-1-6-5 19 

 

 

10 3

Line (1), F=6.25 veh/hr

2

7 41

9 8 2 6 51

Line (2), F=10.00 veh/hr

Line (3), F=11.875 veh/hr
 

Figure 3.5. Bus Line Configuration and Passenger Flow Results for the Optimal Solution 
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3.3 Summary  

In this chapter, I have presented a formulation for a network design problem for the fixed-route 

bus service as well as numerical experiments to test our formulation. The objective function was 

to minimize the total welfare costs which are defined as the summation of the construction and 

operating costs for the bus service and the total in-vehicle travel costs for the users. The results 

show the capability of the model to achieve minimum total costs for the operator and users by 

splitting the OD pairs between the different routes. Some users have experienced direct trip from 

their origin to destination, while others have experienced indirect trip with and without transfers. 

Meanwhile, passenger waiting time and transfer time were ignored in the chapter and will be 

considered in the next chapters. As well as considering the cases where the demands are stochastic. 
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Chapter 4 

Design of Unimodal Transit Service:  

Dial-a-Ride  

 

 

The dial-a-ride problem was also discussed in Chapter 2. The DARP consists of designing 

vehicle routes and schedules for a number of users who specify pickup and delivery requests 

between origins and destinations. The DARP is considered as an NP-hard problem and there for 

most of the solution methods were based on heuristics and metaheuristics. The aim of this chapter 

is to design a DAR service considering the operator’s and passengers’ interests. Also, to show the 

efficiency of the DAR service as a transportation option in rural areas with low demand and road 

topography problems. In addition, I seek to provide a suitable level of service to travelers by 

decreasing total travel times, waiting times and excess passenger ride times. I defined the 

maximum ride time for a request based on the type of traveler (elderly, ordinary …etc) to develop 

a more adequate service.    
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4.1 Model Formulation 

In this section, I will explain a mixed integer formulation for the DAR service design. Variable 

definitions followed by a description of the network and mathematical formulation will be shown 

in this section.  

 

4.1.1 Variable Definitions 

The design of the DAR service presented in this section involves finding the optimal DAR 

vehicles itineraries and schedules. The objective is to minimize the total welfare costs which are 

defined as the summation of operator’s and users’ costs. The operator’s costs include the operating 

costs of all DAR vehicles, and the user costs include the total travel times of all travelers. The 

problem determines different variables: (1) DAR arc flows (X) that specify the DAR vehicle 

itineraries, (2) DAR onboard vehicle capacities (Q) that specify the number of passengers in the 

DAR vehicle after it leaves a node, and (3) DAR service times (B) which correspond to the time 

at which DAR vehicles begin their service at any node, whether loading at a pick-up node or 

unloading at a delivery node. 

Each request has a specified pickup node and delivery node as well as a time window on both 

nodes. Also, a maximum ride time is predetermined to each request to guarantee a certain level of 

services. The DAR vehicle fleet is assumed to be homogenous, and all vehicles depart and return 

from the same depot with the same maximum route duration time (time that the DAR vehicle 

leaves the depot until it returns). Note that the homogeneity of the vehicle capacity is not a 

compulsory assumption and this can easily be relaxed. The following notations are used in the 

development of the proposed model: 

K Set of DAR vehicles;  

R Set of all requests; 

d
i
 Service duration for passengers at node i (boarding/alighting); 

e
i
 Earliest time at which service can begin at node i; 

l
i
 Latest time at which service can begin at node i; 

hr Parameter used to control the maximum ride time of a request r; 

Tk Maximum route duration time of DAR vehicle k; 

Q
k

i
 Number of passengers in vehicle k after leaving node i; 



 

 
45 

 

M Large positive number; 

T
r  Continuous variable representing travel time of request r; 

B
k
i  Continuous variable representing the time at which vehicle k starts its service at node i; 

Q
k

i
 Continuous variable indicates the number of travelers on vehicle k after leaving node i; 

x
k
ij  Binary variable denoting whether vehicle k travels from node i to node j. 

 

4.1.2 Network Description 

Consider the directed graph G ( N , A  ), where N  is the set of nodes and A  is the set of arcs. 

Each arc (i, j) ∈ A is associated with a DAR vehicle operating cost cij and travel time tij. The set of 

nodes, N , is divided into four subsets: pickup nodes (P ={i,…, R}), delivery nodes (D ={R+i,…, 

2R}), the origin depot node (Do ={0}), and the destination depot node (Dd ={2R+1}). I define R as 

the set of requests and K as the set of DAR vehicles. Every DAR vehicle has maximum capacity 

Qk and maximum route duration time Tk. Every request is associated with two nodes (i, R+i), where 

i ∈ P and R+ i ∈ D and has load qr. Each node i ∈ N is associated with a time window [ei, li], where 

ei and li represent the earliest and latest time at which the service may begin at node i, respectively. 

Also, a service duration di for loading/unloading passengers is associated with each node i ∈ N . 

The passenger load qi is positive at pickup nodes and negative at delivery nodes. The binary three-

index variable x
k
ij  is equal to 1 if arc (i, j) is traversed by vehicle k.  

 

4.1.3 Mathematical Formulation 

The objective is to minimize the total welfare costs, i.e. the sum of the operator’s and users’ 

costs while serving all the OD pairs. 
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The objective function (4.1) is to minimize the total operating costs of all DAR vehicles and 

total travel times of all travelers. Constraint (4.2) ensures that each request is served only once. 

Constraint (4.3) ensures that the pickup and delivery nodes for each request will be served by the 

same vehicle. Constraints (4.4) and (4.5) guarantee that the route of each vehicle k will start from 

the origin depot and end at the destination depot. Constraint (4.6) ensures that the vehicle leaves 

each node after arriving. Constraint (4.7) is the capacity condition to accept a request. Constraint 

(4.8) ensures that maximum vehicle capacity is respected. Constraint (4.9) is the time condition to 

accept a request. Constraint (4.10) describes the limits of the allowable ride time for each request. 

The upper limit of a request's ride time can be assigned dynamically for each request by parameter 

hr based on the request type. Constraint (4.11) ensures that the duration of each vehicle itinerary 

is less than the maximum route duration time for the DAR vehicle. Constraint (4.12) ensures that 

all nodes are serviced within their time window. Constraints (4.9) and (4.12) also guarantee no 

sub-tours. 
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4.1.4 Strengthening the Model 

The previously presented formulation is defined over a complete graph G. However, many arcs 

can be removed from the graph to make the model more compact and reduce the total number of 

binary variables. The arc elimination rules can be used to eliminate some arcs which represent 

infeasible transportation opportunities such as: 

 Arcs connected to the origin depot (Do) 

 No arc can go from the origin depot to the delivery node, i.e., all arcs (0, i) for i ∈ 

D can be eliminated. 

 No arc can go from a node to the origin depot, i.e., all arcs (i, 0) for i ∈ N can be 

eliminated. 

 Arcs connected to the destination depot (Dd) 

 No arc can go from the destination depot to any node, i.e., all arcs (2R + 1, i) for i 

∈ N can be eliminated. 

 No arc can go from the pickup node to the destination depot, i.e., all arcs (i, 2R+1) 

for i ∈ P can be eliminated. 

 Arcs connected to delivery nodes (D) 

 No arc can go from a delivery node to the pickup node in the same request, i.e., all 

arcs (i, R+i) for i ∈ P and R+i ∈ D can be eliminated. 

 Arcs connected from - to the same node 

 No arc can go from a node to itself, i.e., all arcs (i, j) for i ∈ N and j ∈ N when i=j 

can be eliminated. 

Figure 4.1 shows an illustrative example of the network representation after applying the arc 

elimination rules. This figure represents the total arcs created for one DAR vehicle, two requests, 

origin depot (Do), and destination depot (Dd). The pickup nodes are (P1, P2) and the delivery nodes 

are (D1, D2). 
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P2

P1

D2

D1

Do Dd

From Do to all pickup nodes

From pickup nodes to delivery
nodes

From pickup nodes to other 
Pickup nodes

From delivery nodes to other
delivery nodes

From delivery nodes to pickup
nodes except its own pickup node 

From pickup nodes to Dd

Set 1

Set 2

Set 3

Set 4

Set 5

Set 6

Figure 4.1. Network Representation Example for One DAR Vehicle and Two Requests  

 

4.2 Computational Results 

In this section, I describe some numerical experiments using data from a local city in Japan to 

show the effectiveness of our formulation and the advantages of the DAR service as a public transit 

service in rural areas. The solution algorithm described in this study was developed in Matlab 

(Matlab Inc., Natick, MA, USA), and the IBM CPLEX 12.6.1 academic version was used as the 

optimization solver, as it uses a branch-and-cut algorithm. The experiments were run on a 3.6-GHz 

i7-4960x computer.  

 

4.2.1 Data Description 

Numerical experiments were conducted using actual data from Mino City, Gifu Prefecture, 

Japan. The local city area is 117.05 km2 and the city population is 22, 809 citizen with a population 

density of 197/ km2. As is shown in Figure 4.2, the distribution of the ages of residents, it is obvious 

that most of the city residents are elderly persons. Figure 4.3 shows that Mino is the city surrounded 

by the mountains, and therefore the communities in the mountainous areas are not well connected. 

Three real-life instance sets (a–c) were used. Each instance was identified with a letter and a 

number. The letter referred to the instance set and the number referred to the number of requests. 

For example (c20) refer to the instance set c and the number of requests is 20. The average direct 

travel time for all requests was (13.31) min, and the longest direct travel time for all requests was 

(37.77) min. 
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Figure 4.2. Distribution of Mino City Residents’ Ages  

 

4.2.2 Model Testing  

The maximum route duration time for each DAR vehicle was 680 min. A time window (TW) 

of 7 min was generated at pickup nodes. The TW limits were determined for the pickup nodes by 

adding TW to the desired pickup time. A TW was also generated at the delivery nodes to ensure 

reliable service. The TW for the delivery nodes was calculated by adding the direct travel time 

between the pickup and delivery nodes to the TW limits for the pickup nodes (Figure 4.4). The 

routing cost cij was assumed to be equal to the travel time tij for link ij. Service quality was 

measured by several indicators such as Average Excess Travel Time of ride time over direct time 

(AETT), Average Waiting Time before departure (AWT), and the Average Deviation between the 

actual and ideal Delivery Time (ADDT). The excess travel time is the difference between the 

actual travel time and the direct travel time from pickup node to delivery node. The calculations 

of excess travel time, waiting time, and deviation time for a request are shown in Figure 4.4. 
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Figure 4.3. Mino City Map 

 

 

Figure 4.4. Calculations of Time Window Limits, Excess Travel Time, Waiting Time, and Deviation 

Time 
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The first instance set (a) was used to check the effectiveness of the proposed algorithm. Up to 

five DAR vehicles were used to solve this instance set. The service duration time for all passengers 

was 1 min, and the dynamic parameter hr was 1.30 for all requests. Maximum computational time 

was set to 2 hours (7,200 sec) to check the computational ability, and I increased the number of 

requests until computational time exceeded the limit. The results are presented in Table 4.1 in 

terms of the value of the objective function and solving time optimally. The AETT, AWT, and 

ADDT values are presented. 

As shown in Table 4.1, up to 65 requests were solved optimally within 2 hours. The results 

show that the AETT values were small (mean, 1.59 min) after modifying the objective function by 

minimizing the total travel time. The AWT values were higher for instances with more requests. 

This is why more customers might be assigned to one vehicle, which increases delivery and waiting 

times. Some instances, such as (a45–a65), have much higher values than those of other instances, 

but it remained at around 2 min. The ADDT value averaged 3.64 min and was less than 52% of 

the allowable deviation time at the delivery. This large value was caused by delaying travelers at 

pickup nodes.   

 

Table 4.1. Computational Results for DAR Instances (a) 

Instance Value of Objective 

Function 

Solving time     

(Sec) 

AETT          

(min) 

AWT            

(min) 

ADDT          

(min) 

a15 440.10 2 1.74 1.50 3.24 

a20 495.60 5 1.53 1.35 2.88 

a25 671.60 15 1.52 1.94 3.46 

a30 771.10 54 1.61 1.93 3.54 

a35 954.30 109 1.56 1.84 3.4 

a40 1027.00 194 1.56 1.93 3.49 

a45 1114.70 477 1.46 2.61 4.07 

a50 1207.00 1298 1.67 2.04 3.71 

a55 1379.70 3579 1.63 2.32 3.95 

a60 1482.80 5714 1.61 2.20 3.81 

a65 1632.60 7024 1.60 2.93 4.53 

  Avg. 1.59 2.05 3.64 
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4.2.3 Effect of Considering the User Perspective 

Some of the instances in the set (a) were tested using a new objective function which is the 

minimization of operating costs only to show the effect of considering the users’ perspective on 

the service design. Table 4.2 shows the results of selected instances in two cases. The first case 

was designed to minimize the total welfare costs which are defined as the summation of operator’s 

and users’ costs (Oper + User). The second case was designed to minimize only operating costs 

(Oper). The results of this test are presented in terms of the value of operating costs, user costs, 

total welfare costs, the percentage of total welfare cost savings, AETT, AWT, and ADDT. Based 

on the standard cost set by the Chubu District Transport Bureau, Ministry of Land, Infrastructure, 

Transport, and Tourism (2014), the cost for a DAR vehicle is set as 2,624.29 Yen/hour. Hence, 

operating costs were calculated by multiplying the total route times of DAR vehicles in minutes 

by 43.74 Yen/min, whereas user costs were calculated by multiplying the total travel time of all 

travelers in minutes by the value of time. Based on Road Bureau, Ministry of Land, Infrastructure, 

Transport and Tourism (2008), the value of time commonly used in Japan for a cost-benefit 

analysis on a road investment is 43.95 Yen/min.  

 

Table 4.2. Effect of Considering User Perspective on Total Welfare Costs and Service Quality 

Inst. Objective 

Function 

Operating 

Costs 

(1000Yen) 

User Costs 

(1000Yen) 

Total 

Welfare 

Costs 

(1000Yen) 

% Total 

Welfare 

Savings  

AETT  

(min) 

AWT    

(min) 

ADDT   

(min) 

a20 
Oper + User 13.33 8.39 21.72 

0.97 
1.53 1.35 2.88 

Oper 13.33 8.60 21.93 1.72 1.70 3.42 

a30 
Oper + User 20.40 13.40 33.80 

2.37 
1.61 1.93 3.54 

Oper 20.40 14.196 34.60 2.01 2.27 4.28 

a40 
Oper + User 26.78 18.23 45.01 

2.44 
1.56 1.93 3.49 

Oper 26.78 19.33 46.11 2.14 1.95 4.09 

a50 
Oper + User 31.21 21.69 52.90 

1.83 
1.67 2.04 3.71 

Oper 31.21 22.66 53.87 2.03 2.26 4.29 

 

Based on the results presented in Table 4.2, the total welfare costs were improved in all 

instances. In addition, the operating costs for the service were the same in the two cases, but user 

costs were lower for the first case. I can conclude that considering user perspective in the design 

process has improved service quality and social benefits without increasing the operating costs of 
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the service, indicating a balance between operator benefits and user needs. However, the reason 

why operating costs did not change should be examined. It may be because vehicles were not 

shared for many requests or the values selected for the service design parameters, or the 

characteristics of the selected instances. Later, I will investigate the relationship between operator 

and user costs by changing the service design parameter values, such as hr and TW. I will also 

check ride-sharing on the DAR service in terms of the number of passengers served at the same 

time with the same DAR vehicle. 

 

4.2.4 Effect of Parameter hr 

the second set of instances (b) was tested to investigate the effect of the parameter hr on 

operating costs, user costs, and traveler’s inconvenience. As we explained earlier parameter hr is 

used to control the maximum ride time for each request and consider as one of the important 

parameter used to control the traveler’s inconvenience. I used values for hr of 1.3, 1.4, and 1.5. 

The results are presented in terms of the value of operating costs, user costs, AETT, AWT, and 

ADDT in Table 4.3.  

The results in Table 4.3 indicate that when hr increases, operating costs decrease and user costs 

increase because increasing hr benefits the operator over the user’s needs by increasing maximum 

allowable ride time. The results also show that increasing hr increases AETT because increasing 

hr (increasing maximum allowable ride time) results in assigning more customers to each vehicle, 

which increases actual travel times. The effects of AWT and ADDT are different for different 

instances. In general, an adequate hr value is chosen by the local authorities, as it is a trade-off 

between the operator’s desires and the user’s needs. 
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          Table 4.3. Effect of Parameter hr on Operating Costs, User Costs, and Travelers’ Inconvenience 

Instance hr Operating 

Costs 

(1000Yen) 

User Costs 

(1000Yen) 

AETT      

(min) 

AWT      

(min) 

ADDT     

(min) 

b16 

1.30 12.89 6.29 2.03 2.19 4.22 

1.40 12.75 6.44 2.16 1.69 3.85 

1.50  12.61 6.68 2.41 1.69 4.1 

b22 

1.30 14.85 8.29 1.84 2.18 4.02 

1.40 14.61 8.43 1.93 2.73 4.66 

1.50 14.42 8.59 2.11 2.27 4.38 

b28 

1.30 19.89 11.18 1.75 2.29 4.04 

1.40 19.45 11.36 1.83 2.61 4.44 

1.50 18.94 11.54 1.97 2.46 4.43 

b34 

1.30 24.54 13.62 1.70 2.21 3.91 

1.40 23.75 13.80 1.76 2.62 4.38 

1.50 23.15 14.00 1.88 2.41 4.29 

b40 

1.30 27.56 17.64 1.67 2.35 4.02 

1.40 26.77 17.97 1.72 2.05 3.77 

1.50 25.81 18.22 1.94 2.55 4.49 

b46 

1.30 31.25 20.68 1.66 2.61 4.27 

1.40 30.34 21.23 1.79 2.48 4.27 

1.50 29.64 21.56 1.98 2.54 4.52 

 

 

4.2.5 Effect of Time Window 

The third set of instances (c) was used to check the effect of a TW on operating costs, user 

costs, and traveler’s inconvenience. The results are shown in Table 4.4 in terms of operating costs, 

user costs, AETT, AWT, and ADDT. The results indicate that operating costs decreased as the TW 

value increased, possibly because a wide TW increases the number of feasible solutions. It is clear 

from the results that user costs, AETT, AWT, and ADDT increased with an increase in the TW, 

which increased user inconvenience because increasing the TW is more advantageous to the 

operator than the user, as shown by the decrease in operating costs. Therefore, the TW value 

represents a trade-off between the operator’s desires and the user’s needs.    
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Table 4.4. Effect of the Time Window on Operating Costs, User Costs, and Travelers’ Inconvenience 

                 

Instance 

TW            

(min) 

Operating 

Costs 

(1000Yen) 

User Costs 

(1000Yen) 

AETT 

(min) 

AWT  

(min) 

ADDT 

(min) 

c20 

7 14.02 9.14 1.99 2.15 4.14 

9 13.77 9.41 2.09 2.90 4.99 

11 13.61 9.41 2.09 4.75 6.84 

13 13.47 9.41 2.09 5.00 7.09 

c25 

7 18.88 12.23 1.89 2.14 4.03 

9 18.43 12.36 1.97 3.14 5.11 

11 18.43 12.36 1.97 4.54 6.51 

13 18.32 12.36 1.97 3.82 5.79 

c30 

7 22.10 14.56 1.79 2.63 4.42 

9 21.66 14.69 1.84 2.64 4.48 

11 21.46 14.71 1.86 4.50 6.36 

13 21.31 14.71 1.86 5.03 6.89 

 

 

4.2.6 Service Ride Sharing  

The location city from which I used for this numerical experiment was a located in a rural 

mountainous area; therefore the roads have complex topography and communities are not well 

connected (Figure 4.5a). In addition, the communities vary widely compared to those in a city and 

the demand is low. I prepared a ride-sharing diagram based on the number of passengers served 

simultaneously by a DAR vehicle to check the effectiveness of the DAR service. The ride-sharing 

diagram is represented by straight lines connecting the pickup and delivery nodes. A ride-sharing 

diagram for instance (c20) served by three DAR vehicles is shown in Figure 4.5b. The percentage 

of ride-sharing is expressed by the thickness of the sold lines; thus, a thicker line represents more 

ride-sharing, whereas a dashed line means no passengers are served by the DAR vehicle.  

The ride-sharing diagram shows that DAR vehicles occasionally traveled long distances to 

pick up passengers because of the road network. Other lines show a high percentage of ride sharing, 

which is advantageous to the operator, as it decreases costs. Although the mountainous rural areas 

and the road network restricted the vehicles, the DAR service achieved an acceptable percentage 

of ride sharing. This result proves the advantages of using a DAR service in rural areas and in areas 

with difficult road networks where a regular bus service may be less available or cost ineffective. 
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Figure 4.5. (a) Road Network; (b) Ride Sharing Diagram for Instance (c20). 

 

4.3 Summary 

In this chapter, an exact formulation for the DARP was developed. Both operator and 

passenger perspectives were included in terms of minimizing operating costs and total travel times 

of all travelers. More attention was paid to the quality of the service provided with respect to 

different user types by linking the maximum ride time of a request dynamically with its direct 

travel time. The results show that considering the passengers’ perspective in the design objectives 

has improved the service quality and social benefits without increasing the operating costs of the 

service, indicating a balance between operator benefits and user needs. In addition, decreasing the 

average waiting times and the excess of travel time between actual travel times and direct travel 

times. Also, increasing maximum allowable ride time will result in benefits for the operator over 

the user’s needs.   

The results show also that increasing the time window limits will decrease the operator costs 

and increase the user inconvenience. Also, the time window values represent a trade-off between 

the operator’s desires and the user’s needs. I believe that the design model introduced here will 

help local transport authorities to enhance the quality of public transit systems in rural areas and 

decrease the exclusion of people with special needs who live in these areas. One limitation of this 

model is not considering the waiting time costs in the objective function to better address the users’ 
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inconvenience and to ensure a better service quality. Also, a possible future extension is to consider 

the transfers of users between different DAR vehicles to reduce the operating costs. 
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Chapter 5 

Design of Multimodal Transit Services 

with Stochastic Demand 

 

 

5.1 Overview   

In previous chapters, I have discussed the stages of transit service planning and discuss in detail 

about the network design problem. I also have presented a mathematical formulation for the design 

of the bus service including the determination of the routes alignments and the associated 

frequencies, and the numerical experiments were presented. In previous chapters, I showed several 

types of flexible services as well as demand responsive services and its operation and how to 

measure the service performance. The main interest was the Dial-a-Ride services showing the 

service characteristics and previous work as well as presenting a mathematical formulation for the 

DAR service design. Data from a local city in Japan were used to test the effectiveness of our 

proposed formulation showing the advantages for using the DAR in serving demand in rural areas 

where it is hard to use the traditional fixed-route services.     
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The main lessons we learned from the previous chapters are the capability of fixed-route 

services to serve the areas with high population. Due to its high construction and operating costs, 

fixed-route services are suitable to use in cases where the demand is high to be cost-effective and 

can offer reasonable services for passengers. However, due to the fixed design and timetables, it 

may suffer a lot in the situations with low passenger loads. In contrast, flexible services are good 

transportation options when the served demand is low such as in rural areas, late time service, and 

off-peak hours. From this point of view, by combining fixed-routes with flexible services, the 

advantages of both services can be obtained to serve passengers at a reasonable cost.    

 

5.2 Multimodal Transit Services 

A multimodal transportation service can be interpreted in different ways; the direct meaning is 

using several modes of transportation. According to Pedersen et al. (2005), the intermodal and 

multimodal transportation are often used as synonyms although the words are not entirely 

interchangeable. Intermodal transportation refers to performing a trip by using different interacted 

transportation modes, i.e. transfers are included in the trip. On the other hand, multimodal 

transportation means performing a trip by using different transportation modes, but it does not 

require any interoperability between them. 

The main components of cost for a traveler are the time and money. The measurement of the 

travel time is easy in general. However, the process becomes difficult when we consider the 

traveler’s time perception for the different travel time components especially in the case of a 

variety of provided transportation modes. The travel time components include the in-vehicle travel 

time, transfer time, and waiting time. I describe here the definitions for these different travel time 

components as follows:           

 In-vehicle travel time: defined as the time duration which the traveler spent in the vehicle. 

When different transportation modes are provided, each mode has different perceived in-

vehicle travel time travel time depending on the provided level of service. For example, 

the perceived in-vehicle travel time of taking a bus from home to work is longer than the 

one using a private car even if both of the two modes have the same travel time. This 

difference is a reason for the difference in the overall level of service between the two 

modes such as the comfort, safety, etc.  
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 Transfer time: defined as the time duration that the traveler spent on getting out of the 

previous mode until arriving at the entrance point of the next mode. The next mode might 

be the same as the previous mode like in transferring between different bus lines. It can 

also be a new transportation mode like in transferring between a bus and a train. Due to the 

inconvenience experienced by users during the transferring process, we usually give the 

transfer time more weight compared with the in-vehicle travel time. 

 Waiting time: defined as the time duration between arriving at the transportation terminal 

and the actual entry into the vehicle. We usually give more weight on waiting time 

compared with the in-vehicle travel time as travelers usually look at the waiting time as a 

waste time. It may also be the safety issues related to waiting at the terminals especially in 

case of waiting at bus stops at late night times and low populated areas.  

 

In some occasions, local governments have to provide a subsidy to maintain the operation of 

public transit service to override the side effects of low passenger loads. Combining the fixed-

route and the flexible services may, therefore, result in decreasing the total operating of the 

provided transit service as well as increase the availability and coverage of those services. 

Researchers have implemented different ideas to combine the fixed and flexible transit services to 

obtain the advantages of both services in order to reduce the total costs and increase the level of 

services. Two main ideas were used, the operational models and the design models. In an 

operational model, the flexible services are used in a similar way to the demand responsive 

connecter I described in previous chapters. The passengers will be transported by the flexible 

service only or by a combination of the flexible and fixed services.  

In an operational model the design of the fixed service, i.e. the design parameters such as the 

route alignments and timbales are known in advance for the service planner. The problem is how 

to design the flexible vehicles routes and schedules where part of the trips are carried by the fixed 

service. Hence, these types of model consider only the design of one service, i.e. flexible service. 

Examples of these models can be found in Trentini et al (2012), Ghilas et al. (2016), and Lee and 

Savelsbergh (2017). I will discuss in details about these types of model in the next chapter.  

In a design model, only the design of the fixed-route service is considered in the model. An 

approximated values for the costs of the flexible service are calculated assuming that the flexible 

service is always available and offer a direct trip between the origin and destination of the traveler. 

Examples of this approach can be found in studies by An and Lo (2014, 2016). They investigated 
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the optimal way to combine regular services operated on fixed routes and schedules with flexible 

services under stochastic demand. However, they did not allow passengers to transfer between two 

modes. 

In summary, a range of approaches to combine both services and several models based on 

differing assumptions have been proposed as shown earlier. However, little attention has been paid 

to designing the two services as one multimodal service. In this chapter, I reconcile different 

objectives of users and operators in one multimodal service. The aim is to determine the amount 

of flexible service needed to complement a fixed service and minimize construction costs, 

operating costs and passengers’ costs. In addition, an accurate design of both fixed and flexible 

services that serve all OD pairs under stochastic demand is considered. In the following section, I 

will describe a formulation of a multimodal service combines the fixed and flexible services  

 

5.3 Model Formulation 

In this section, I will explain a mixed integer formulation for a multimodal service design. This 

model combines the two models presented in the previous chapters, i.e. the bus service and the 

DAR service. Some updated have been done for both previous models to consider the modeling 

of the travel time components perceived by the travelers such as in-vehicle, waiting and 

transferring time, and to consider the case of stochastic demand. Variable definitions followed by 

a description of the network and mathematical formulation will be shown in this section. 

Numerical experiments will then be carried out to show the effectiveness of our formulation and 

the advantages of the multimodal service as a public transit service.  

The objective of the proposed formulation is to minimize the total cost of the multimodal 

transport service. The total cost includes the operating and construction costs and the passengers’ 

in-vehicle travel time, waiting time and transfer time costs. I assume that the operator chooses the 

service to provide; bus or DAR, and that passengers cannot choose which mode to use (i.e., system 

optimal). However, the operator’s decision will consider passengers’ perspective in terms of 

minimizing passengers’ in-vehicle travel times, waiting times and transfer times. The multimodal 

service is designed in two stages; in the first, I design the bus service, and in the second, I calculate 

the passengers’ costs and the demand to be met by the DAR service, and then design the DAR 

service. 
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5.3.1 Variable Definitions 

In this formulation, the aim is to minimize the total cost of the multimodal service while serving 

all OD pairs under stochastic demand. This cost includes the bus costs, DAR costs, and passengers’ 

cost. To address this problem, I determine the variables that are relevant to the bus and DAR 

services. The design of the bus service presented here is updated from the previous formulation in 

Chapter 3. New variables (U, T) are added to capture the amount of demand boarding and alighting 

different bus lines as well as the demand transferring between different bus lines. These new 

variables will enable us to model the costs of different travel time components perceived by the 

travelers such as in-vehicle, waiting and transferring times.  

In the case of the bus service: (1) bus arc flows (Y) that specify the bus line alignments, (2) 

passenger arc flows (Z) which represent the onboard passenger demand on every bus line, (3) 

passenger arc flows (U) which represent the passenger demand for boarding (alighting) on (from) 

different bus lines, (4) passenger arc flows (T) which represent the passenger demand for 

transferring between different bus lines, (5) and frequencies (F), which represent the frequency of 

each bus line. In addition, the DAR service is associated with the following variables (6) DAR arc 

flows (X) that specify the DAR vehicle itineraries, (7) DAR vehicle capacities (Q) which represent 

the number of passengers in the DAR vehicle after it leaves a node, (8) and DAR service times (B) 

which correspond to when the DAR vehicles begin their service at any node, whether loading at a 

pick-up node or unloading at a delivery node.  

Our proposed formulation can be applied to networks with complex topologies. Also, I assume 

that passengers can transfer between different bus lines but they cannot transfer between the bus 

and DAR services. The following notations are used in the development of the proposed model 

5.3.1.1 Bus service design   

N Set of bus stops;  

A Set of arcs for the bus network; 

l
ij
 Link distance from node i to node j ; 

L Set of all bus transit lines in the network; 

Ds Set of dummy starting nodes for the bus network; 

De Set of dummy ending nodes for the bus network; 

N* total number of nodes for one bus line (including dummy nodes for the bus line l); 

c
1

ij
 Bus operating costs for link ij; 
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c
2

ij
 Bus construction costs for link ij;  

c
3

ij
 Passengers’ travel cost for link ij; 

Qb Bus vehicle capacity; 

vs  Service ratio for OD pair v; 

vB  Amount of random demand carried by the bus service for OD pair v; 

1v
 Cumulative distribution function of the random demand for OD pair v; 

w
l

jlil,
 Continuous variable representing the link frequency for link il, jl on bus line l; 

 Auxiliary variable indicates the sequence of station i on bus line l; 

f
l
 Continuous variable represents the bus transit line frequency; 

Y
l

jlil,  Binary variable indicating whether link il, jl is on bus line l; 

Z
v
imjm Continuous variable representing the passenger flow from replicated node im to replicated 

node jm on line m for OD pair v; 

U
v

imi ,
 Continuous variable representing the boarding passenger flow inside station i between the 

origin station node i and the replicated node im on line m for OD pair v. 

,
v
in ilT  Continuous variable representing the transferring passenger flow inside station i between 

line n and line l for OD pair v. 

5.3.1.2 DAR service design   

K Set of DAR vehicles;  

R Set of all requests; 

d
i
 Service duration for passengers at node i (boarding/alighting); 

e
i
 Earliest time at which service can begin at node i; 

l
i
 Latest time at which service can begin at node i; 

hr Parameter used to control the maximum ride time of a request r; 

Tk Maximum route duration time of DAR vehicle k; 

Qk  DAR vehicle capacity; 

M Large positive number; 

T
r  Request travel time; 

B
k
i  Continuous variable representing the time at which vehicle k starts its service at node i; 

Q
k

i
 Continuous variable indicates the number of travelers on vehicle k after leaving node i; 


l
i
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x
k
ij
 Binary variable denoting whether vehicle k travels from node i to node j; 

E
v  Continuous variable representing the demand carried by the DAR service for OD pair v. 

 

5.3.2 Network Description 

As stated earlier, some updated have been applied to the design of the bus and DAR services 

to consider new passengers’ perspectives. These updates enable us to these new model new travel 

time components perceived by the travelers such as in-vehicle, waiting, and transferring times. 

Also, to consider the case of stochastic demand. 

5.3.2.1 Bus service network   

I define the bus service network as a graph G (N, A), in which N is the set of nodes and A 

specifies the set of arcs. Each arc (i, j) ∈ A connects stations i and j for i, j ∈ N, i ≠ j with a link 

distance, lij. Each physical bus station i ∈ N contains one replicated node per bus line, so it consists 

of L replicated nodes as is in Häll et al. (2009). This enables us to represent the boarding and 

alighting demand for every bus line, and the transfer demand between different bus lines. Each 

replicated node is denoted ia, where i represents the original station and ‘a’ represents the bus line 

associated with this replicated node. Note that every replicated node is connected to only one bus 

line. As shown in Figure 5.1, node 2a represents the replicated node for line a at bus station 2, 

while node 3b represents the replicated node for line b at bus station 3.  

Each bus transit line l ∈ L is associated with specified frequency fl ∈ f as well as lower and 

upper bounds for the route frequency, fmin, fmax , respectively. For more flexibility in selecting the 

origin and destination for each bus line I introduce a set of dummy starting nodes Ds ={ Dsl, l ∈ L} 

and a set of dummy ending nodes De ={ Del, l ∈ L} so that every bus line l has a fixed dummy 

starting node Dsl and a fixed dummy ending node Del. Dummy links  ( Dsl, il ), i ∈ N, l ∈ L and 

(Del, il ), i ∈ N, l ∈ L are made available to connect every node i ∈ N with the dummy origin and 

destination nodes, respectively. I assume that each route serves both directions with the same line 

frequency. I define c4 and c5 as the passenger waiting time and transfer time costs, respectively. 
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Figure 5.1. Example of Two Bus Lines with Three Bus Stops 

 

5.3.2.2 DAR service network   

I define the DAR service network on a directed graph G ( N , A  ), where N  is the set of nodes 

and A  is the set of arcs. Each arc (i, j) ∈ A is associated with a DAR vehicle operating cost 6
ijc  and 

travel time tij. The set of nodes, N , is divided into four subsets: pickup nodes (P ={i,…, R}), 

delivery nodes (D ={R+i,…, 2R}), the origin depot node (Do ={0}), and the destination depot node 

(Dd ={2R+1}). I define R as the set of requests and K as the set of DAR vehicles. Every DAR 

vehicle has maximum capacity Qk and maximum route duration time Tk. Every request is 

associated with two nodes (i, R+i), where i ∈ P and R+ i ∈ D and has load qr. Each node i ∈ N is 

associated with a time window [ei, li], where ei and li represent the earliest and latest time at which 

the service may begin at node i, respectively. Also, a service duration di for loading/unloading 

passengers is associated with each node i ∈ N . The passenger load qi, is positive at pickup nodes 

and negative at delivery nodes. The binary three-index variable x
k
ij  is equal to 1 if arc (i, j) is 

traversed by vehicle k. I assume that the DAR services will not have a big influence on the roadway 

congestion as they are supplementary services. 

 

5.3.3 Mathematical Formulation 

The objective of this formulation is to find the optimal combination (service ratio) of bus and 

DAR services, such that total costs are minimized and all the OD pairs are served. The service 

ratio (S) is defined as the ratio of demand carried by the bus service. It is a vector containing the 

service ratio of each OD pair, and different OD pairs may have different service ratios. Start with 

fixing the values of S for the multimodal service. This enables us to design the bus service easily, 

as the demand is assumed to be known and fixed. I design the DAR service to meet the excess 

demand when the bus service is operating at full capacity.  
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5.3.3.1 Bus service design   
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The objective function (5.1) minimizes the sum of its components: the operating costs, 

construction costs, and passengers’ in-vehicle travel time costs, pre-boarding waiting time costs 

and transfer time costs. The frequency of the bus lines determines how long passengers must wait 

at bus stops, according to Yu et al. (2012) the waiting time can be set to (0.5*60/frequency). The 

transfer penalty is denoted as  . Constraint (5.2) ensures that each line is connected to only one 

start dummy node. Ensuring that station i is connected to one upstream station and one downstream 

station per bus line by setting constraints (5.3) and (5.4), respectively. Constraint (5.5) states that 

each line is connected to only one end dummy node. Constraint (5.6) rules out connectivity of each 

station on the bus line l to be connected by two links on the same line l. Constraint (5.7) ensures 

that every link is occupied by at most one bus line.  

Constraint (5.8) represents the passenger flow balancing condition on the original station nodes. 

This captures the passenger demand for boarding (alighting) different bus lines. Constraint (5.9) 

represents the passenger flow balancing condition on every replicated node il. This captures the 

passenger demand for transferring from (to) line l to (from) another bus line. I guarantee that there 

is sufficient capacity to meet the passenger demand to travel from station i to station j on different 

bus lines by setting Constraint (5.10). The constraints (5.11)-(5.13) are a linear relaxation of the 

nonlinear constraint (5.16). This is shown here as an illustration and will be removed from the 

calculation process later. The boundaries of the bus line frequencies are set by constraint (5.14). 

Constraint (5.15) is the sub-tour elimination constraint. Constraint (5.18) calculates how much of 

the demand is met by the bus service for each OD pair. 

5.3.3.2 DAR service design   
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The objective function (5.19) minimizes the total cost incurred by operating the DAR vehicles 

and the passengers' travel costs, where c7 is the passenger travel cost per unit time. Constraint 

(5.20) ensures that each request is only served once. Constraint (5.21) ensures that the pickup and 

delivery nodes for each request are served by the same vehicle. Constraints (5.22) and (5.23) 

guarantee that the route for each vehicle k will start from the origin depot and end at the destination 

depot. Constraint (5.24) ensures that the DAR vehicle leaves each node after arriving. Constraint 

(5.25) is the capacity criterion for accepting a particular request. Constraint (5.26) ensures that the 

maximum vehicle capacity is not exceeded. Constraint (5.27) is the time condition to accept a 

request. Constraint (5.28) ensures that the duration of each vehicle itinerary is less than the 

maximum route duration time for the DAR vehicle. Constraint (5.29) limits the allowable duration 

of each request. The parameter hr allows us to control the upper limit of the ride time of a particular 
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request. Constraint (5.30) ensures that all nodes are serviced within their time window. Constraints 

(5.27) and (5.30) also guarantee that no sub-tours exist. 

5.3.3.3 Multimodal service design   

The objective of the proposed formulation is to minimize the total cost of the multimodal 

transport service. The multimodal service is designed in two stages; in the first, I design the bus 

service; in the second, I calculate the passengers’ costs and the demand to be met by the DAR 

service, and then design the DAR service. The details of the two stages are described as follows: 

1. First stage: At first the value of S is fixed so that Equation (5.18) can be used to determine 

how much demand the bus service meets for each OD pair. Once the demand is fixed, the bus 

service can be designed to calculate the bus line alignment (Y), associated frequencies (F) and 

bus service costs. I assume that the probability distribution of the stochastic demand is known. 

The terms of the travel time, waiting time and transfer time costs are removed from Equation 

(5.1) as these will be calculated accurately in the next stage. The costs for the bus service can 

be calculated from Equation (5.32), subject to (5.2)-(5.17).  
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2. Second stage: The aim is to determine how much demand the DAR will meet when the 

realized demand exceeds the capacity of the bus service and the cost of meeting this demand. 

To express the possible stochastic demand situations a scenario simulation method is used. 

This enables to calculate how much demand the DAR service will meet and the expected 

associated costs by generating many possible scenarios from the continuous probability 

distribution of the stochastic demand. Assume that H scenarios are generated in total and each 

h ∈ H is generated with probability ph=1/m, so 1 Hh hP . For each generated scenario h ∈ 

H, if the realized demand exceeds the capacity of the bus service, the excess demand is met by 

the DAR service, which serves the people who cannot be served by the bus. 

 Phase (1): Equations (5.33)-(5.36) are used to calculate how much demand the DAR 

service can meet. The general idea is to recheck whether some of the excess demand 

can be met using the bus service by reassigning Z. The cost of providing the bus service 

does not increase, as the operating and construction costs for the bus service are fixed 

during the first stage. 
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      (5.35) 

   (5.36) 

 

The objective function (5.33) minimizes the sum of the passengers’ costs and the 

amount of demand met by the DAR service, where c8 is the approximate cost of using 

the DAR service. Constraint (5.34) guarantees that when the demand exceeds the 

capacity of the bus service, the DAR service will meet this demand. Constraint (5.35) 

represents the passenger flow balancing condition on every replicated node. As Y and 

F are fixed in the first stage, Constraint (5.36) imposes an upper limit on the passenger 

flow for the bus service. It is easy to calculate the sum of the passenger's related costs 

from Equation (5.37). 
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 Phase (2): The DAR service can now be designed using Equations (5.19)-(5.31) and 

(5.38). Equation (5.38) ensures that for every scenario h ∈ H generated, the total 

demand for all requests is equal to the level of demand met by the DAR. Also, Equation 

(5.39) gives the expected cost of the DAR. The overall cost can be calculated by 

Equation (5.40). 





Rr

r

Vv

v
h qE   Hh  (5.38) 

6 7( ) ( )rk
ij ijh r

h H k K i N j N r R

S Tp qc x c
    

       (5.39) 

1 2
, , , , ,
, , , ,

( ) ( ) ( ) ( )nS S S SMin      
f Y Z U T

X B  Q E S

   (5.40) 

 

VvNg  ,

0,,,,,,  
 Ln

v
ilin

v
ili

v
ilgl

Ln

v
inil

v
iil

v
jlil TUZTUZ VvLlNi  ,,

l
l

iljl
l

jlilb

Vv

v
jlil fYYQZ )( ,,, 



LlAij  ,



 

 
72 

 

A solution procedure determines the descent direction in each step is used to solve the problem. 

The total cost decreases gradually until a locally optimal solution is obtained. The locally optimal 

solution is defined as the zero cost derivative with respect to S. SR-based gradient solution 

procedure presented in Lo et al. (2013) was used as a solution procedure and I made some updates 

to increase the efficiency of this procedure.  

 

5.4 Solution Procedure 

The SR-based gradient solution procedure determines the descent direction based on S. As 

stated earlier, once Y is fixed, the minimum cost can be calculated. Due to the discrete nature of 

Y, it is not possible to conduct a line search directly over Y by considering the effect of all of its 

elements at the same time. Instead, S is used to determine the gradient descent direction that best 

minimizes the objective function. I solve stages (1, 2) repeatedly until a stopping criterion is 

fulfilled. In the following steps, I conduct a line search to optimize S, which is a vector with 

different elements for different OD pairs. The iteration number is denoted by the subscript n. 

1. Set n = 1, initialize ),....,,( 21 t

n sssS , (t) is the number of OD pairs. 

2. In stage (1), design a bus service for a fixed demand, which corresponds to fixed S, and 

calculates the corresponding values of Y and F. 

3. Solve stage (2) for all the generated scenarios h ∈ H and calculate )(2 S  and )(S . 

4. Calculate the total service costs )( nS  from Equation (5.40).  

5. If )( nS < *)(S , update the interim optimal solution ( *)(S , S*, Y*, F*, Z*, U*, T*, X*, Q*, 

B*), where *)(S is the minimum total service cost so far. 

6. If
1( ) ( )n n   S S , stop. Otherwise, determine the optimal value for S* by proceeding to 

step (7). 

7. Calculate the partial derivative of )(S with respect to every element in S with respect to vs . 

It is not possible to find this partial derivative analytically as the elements of Y are integers, 

so the partial derivatives can be calculated using perturbation analysis, as follows: 

a) Given ),....,,( 21 t

n sssS  and its corresponding solution )(,, nSnn fY .  

b) Set )....,,,( 21 tvvv

n ssss S , v = 0.2.  
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c) If 
vvs  >1, go to (e). Otherwise, solve stage (1) for a given v

nS  to obtain a solution (

v

nY , v

nf ).  

d) If 
n

v

n YY   or v

n nf f  go to step (8), otherwise increase v = v +0.2 and go back to step 

(b). 

e) Set 1 2( , , ...., )v v v t

n s s s s S , v = 0.2.  

g) Solve stage (1) for a given v

nS  to obtain a solution ( v

nY , v

nf ). 

h) If 
n

v

n YY   or v

n nf f  go to step (8), otherwise increase v = v +0.2. 

i) If 
v vs  > 0, go to (e). Otherwise, set the sensitivity of vs  to zero. 

8. Solve stage (2) for all generated scenarios h ∈ H and calculate )(2 S  and )(S . 

9. Apply Equation (5.40) to calculate total costs v

n )(S  .  

10. If v

n )(S < *)(S , update the interim optimal solution  

11. Calculate the sensitivity of vs using ( ( ) ( )) /v v

n n  S S .  

12. If tv  , set 1 vv , and go to step (b). Otherwise, I now have all of the sensitivities )( nS

of )(S  with respect to every element in S.  

13. Calculate the new service ratio vector for the next iteration, as follows: 

j) Take the negative sensitivity vector - )( nS  as the search direction.  

k) Calculate the step size n in a similar way to the sub-gradient methods used for non-

differentiable optimization (Crainic et al., 2001 and Wang and Lo, 2008) 

2*( ( ) ( ) ) / ( )n n n nS S       S  Where *)(S is the estimated minimum value of 

( ) S  and )( nS  is the norm of the sensitivities. n is a scaling factor. The values of (

n , ) are problem-dependent and can be set to increase the efficiency of the solution 

process. 

m) Calculate the service ratio vector for the next iteration )(1 nnnn SSS   .  

n) If *)(S  is not improved after a specified number of iterations, go to (p), otherwise, go 

to step (14). 



 

 
74 

 

p) Use the optimal S* vector found so far as the starting point for the next iteration (i.e.,

1nS  = S*). Go to step (14). If *)(S  is not improved after a specified number of 

iterations, go to (q).
1 2( , , ...., )v v v t

n s s s s S , v = 0.2.  

q) Divide the iteration scaling factor n by a constant then go back to (k) and calculate the 

step size using the new scaling factor
1n 
rather than the old scaling factor n . 

14. Set n = n + 1 and use the new service ratio vector 
1nS when going back to step (2). 

 

Figure 5.2 summarizes the steps of the proposed solution procedure. 

  

 

Figure 5.2. Solution Procedure 

  

5.5 Numerical Results 

The solution algorithm described in this study was developed in Matlab (Matlab Inc., Natick, 

MA, USA), and the optimization solver was the academic version of IBM CPLEX 12.6.1. The 

experiments were run on a 3.6-GHz i7-4960x computer. I tested our formulation and solution 

algorithm using a network with 11 nodes and 21 undirected arcs, as shown in Figure 5.3. The 

number on each link represents the link cost.  
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Each bus vehicle has a maximum capacity of Qb = 25 passengers. At most, two bus lines are 

allowed in the network. The upper and lower bounds of the frequency are fmax = 10 veh/hr and fmin 

= 2 veh/hr, respectively. I used six DAR vehicles with a maximum capacity Qk = 8 passengers. 

The unit bus operating cost per unit length is c1 = 2 and the unit bus construction cost per unit 

length is c2 = 6. I set c3 = 0.02, c4 = 0.03, c5 = 0.03, c6 = 0.64, c7 = 0.02 and   =1. The approximate 

DAR cost per passenger per unit length, c8, is set at two times the unit operating cost per bus per 

unit length. The maximum DAR vehicle route duration is 600 min. The random demand is 

uniformly distributed such that Bd ≈ U (0, 2bd), where bd is the average hourly demand, as 

presented in Table 5.1. 

 

Figure 5.3. Network Setting 

 

The details of the nine OD pairs (hourly average demand) are presented in Table 5.1, alongside 

the optimal solutions for the multimodal transport system. To demonstrate the advantages of the 

multimodal service I calculate the optimal solution when only a bus service is provided. The 

optimal solutions for this system when only a bus service is provided are shown in Table 5.2. The 

bus line alignments and passengers’ flows for the optimal multimodal service and bus service only 

solution are shown in Figure 5.4. The number on each link represents the passenger flow for the 

bus service. By comparing the optimal solutions in Tables 5.1 and 5.2, I observe that some OD 

pairs (e.g. 8-6, 2-4 and 11-1) are still served by buses in both solutions. In the multimodal case, 

other OD pairs (e.g. 6-9 and 9-2) are served by a combination of buses and DAR vehicles. Also, 

Table 5.1 shows that the passengers served by the DAR service might be offered a direct trip (e.g. 

OD 6-9 and OD 7-11) or an indirect trip (e.g. OD 6-9 and OD 1-5) from their origin to their 
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destination. This decision is made by the operator and depends on many factors, such as the 

available onboard capacity, operation costs, and passenger travel costs. 

It is obvious from Figure 5.4 that the optimal bus line alignments and associated frequencies 

in the case of the multimodal service are different to those arising in the case of the bus-only 

service. This is because the existence of the DAR service decreases the onboard passenger flow 

between many links on the buses. For example, the path 7-2-1-11 on line 1 in Figure 5.4 has a 

maximum passenger flow of 220 in the case of the bus-only service and 165 in the case of the 

multimodal service. As OD 7-11 will be served by the bus and DAR in the multimodal service, 

some passengers have been shifted to the DAR, so the onboard passenger flow has decreased. 

These reductions in the passenger flows lead to a reduction in the bus line frequencies from (8.80, 

5.20) to (6.60, 4.76). 

Table 5.1. OD Pair Details and Passenger Flow Results for the Multimodal Service 

OD 

Pair 

OD Demand 

(pass/hr) 

Served 

by Bus 

Path by Bus Distance 

(km) 

Served by 

DAR 

Path by 

DAR 

Distance 

(km) 

6→9 50 37 6-9 4 8 6-9 4 

     5 6-4-5-9 12 

8→6 40 40 8-9-6 9 0 - - 

7→11 200 165 7-2-1-11 16 32 7-11 11 

     3 7-2-11 16 

2→4 90 90 2-7-3-4 14 0 - - 

1→5 150 29 1-2-7-3-4-5 19 2 1-6-4-5 14 

  119 1-3-6-9-5 14    

11→1 50 50 11-1 10 0 - - 

4→8 100 90 4-5-9-8 12 1 4-5-9-8 12 

  9 4-3-6-9-8 19    

5→7 110 110 5-4-3-7 13 0 - - 

9→2 120 117 9-6-3-1-2 12 3 9-8-7-2 14 
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Table 5.2. OD Pair Details and Passenger Flow Results for the Bus-Only Service  

OD 

Pair 

OD Demand 

(pass/hr) 

Served 

by Bus 

Path by Bus Distance 

(km) 

6→9 50 50 6-9 4 

8→6 40 40 8-6 7 

7→11 200 90 7-2-1-11 16 

  110 7-8-9-5-4-11 21 

2→4 90 90 2-1-11-4 16 

1→5 150 20 1-2-7-8-9-5 20 

  40 1-11-4-5 17 

  90 1-2-7-8-6-9-5 26 

11→1 50 50 11-1 10 

4→8 100 10 4-5-9-8 12 

  90 4-5-9-6-8 18 

5→7 110 110 5-4-11-1-2-7 23 

9→2 120 120 9-8-7-2 14 

 

 
(a) Solution for the Multimodal Service 

 
(b) Solution for the Bus-Only Service 

Figure 5.4. Resulting Bus Line Configuration and Passenger Flow 

 

Figure 5.5 shows an example of two DAR vehicle itineraries. The number on each line 

represents the number of passengers in each DAR vehicle. Some DAR vehicles are shared between 

many OD pairs (e.g., DAR vehicle 1), while others are not (e.g., DAR vehicle 2). Also, DAR 

vehicle 1 is not fully occupied with passengers over the course of its entire itinerary 1-6-4-5-9-8-
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7-2-11, while DAR vehicle 2 is fully occupied for all of its itinerary 6-9. As explained earlier, 

passengers may be offered either direct or indirect trip from their origin to their destination. For 

example, five passengers on OD 6-9 take the route 6-4-5-9 in DAR vehicle 1, while eight 

passengers with the same OD were offered a direct trip in DAR vehicle 2. Due to the maximum 

capacity restriction for DAR vehicles (8 passengers), the operator cannot offer all 13 passengers a 

direct trip. 

 
Figure 5.5. Example of Two DAR Vehicle Itineraries 

 

Table 5.3 shows the total costs and a detailed cost breakdown for both the operator and the 

users, along with the total distance traveled by all passengers using the bus and DAR services. The 

results presented show that the total costs of the multimodal service are 14.13% lower than the 

costs of the bus-only service. The operator costs decreased from 1,047 to (900 = 841 + 59), and 

the passengers’ costs decreased from 391 to 334, when the DAR service was used to transport 

some passengers. As bus line frequencies can be reduced when the DAR service is offered, 

passenger costs, in particular waiting and transferring costs, decreased. Additionally, as bus line 

alignments changed so that shorter routes were offered, the total distance traveled by all passengers 

decreased by 24.17%, from 15,540 km to 11,784 km. Another reason for the reduction in the total 

distance traveled is that the DAR service travels by shorter paths than the bus service, for example 

in the case of OD 7-11.  
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Table 5.3. Comparison of the Components of the Total Cost between Different Optimal Solutions 

Optimal 

Solution 

Total 

Cost 

Operator 

Costs 

User Costs Total Travelled 

Distances 

Comp 

Time 

(min) Bus DAR Bus DAR Bus DAR Total 

Multimodal 

Service 

1234 841 59 321    

224|48|19a 

13 11210 574 11784 430 

        

Bus-Only 

Service 

1438 1047 0 391    

311|42|38a 

0 15540 0 15540 6 

        

An and Lo 

Model 

1185 789 84 272     

202|60|10a 

31 10104 1525 11629 142 

        

a Passenger cost components: in-vehicle travel costs| waiting costs| transfer costs 

 

In summary, our results show that costs to both operators and users are reduced when 

multimodal transport services are offered. This proves that both operators and users benefit when 

operators offer a multimodal service. The users’ perspective is also considered when the operator 

chooses the service to provide. 

Similar work has been undertaken by An and Lo (2014, 2016). As they calculated the 

approximate cost of providing flexible services, however, they did not incorporate flexible service 

design into their models. They calculated the approximate DAR cost by multiplying the 

approximate cost of using the DAR by the shortest path for OD pair. However, this approximated 

approach assumes that the DAR vehicle always takes the shortest path, it has an infinite capacity 

to serve any number of passengers and is always fully occupied with passengers. As shown before 

in Figure 5.4, none of these assumptions are practical. Hence, as the approximated cost will be 

underestimated and the optimal combination of bus and DAR services found using this method 

may be incorrect. As the estimated cost of the DAR is lower than the actual cost, the operator will 

transport more passengers in the DAR service.  

I highlight the significance of the accurate approach by solving the network shown in Figure 

5.3 using the model developed by An and Lo (2016). The optimal solution obtained for this system 

using the An and Lo model is shown in Table 5.4, and the bus line alignments and passenger flows 

are shown in Figure 5.6. The results in Table 5.4 show that the DAR service carries more 

passengers compared with the solution shown in Table 5.1, which was obtained using my model 

with accurate DAR costs. Hence, as shown in Table 5.3, the operator’s costs, user costs and total 

distance traveled are higher. As the process used to calculate the costs of the DAR service in the 
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An and Lo model does not require any computational effort, there are differences in the 

computation time required to implement the two approaches. Our model is more accurate, but as 

it is an NP-hard problem, more time is required to design the DAR service. 

I have calculated the approximate and accurate DAR costs, for the optimal solutions obtained 

from both models, to explain the difference between the approximate and accurate methods for 

calculating the DAR costs in more detail. According to our solution shown in Table 5.5, the 

accurate operator cost of offering the DAR service is 59, while the equivalent approximate DAR 

cost is 31. The approximate cost of offering the DAR service is 84 according to the An and Lo 

model, but the equivalent accurate cost is 212. The trend is the same for the users’ costs, the total 

distance traveled and the total cost. Table 5.5 shows that the approximation approach in both 

solutions always underestimates the cost, especially the operator costs.  

Table 5.4. OD Pair Details and Passenger Flow Results Arising from the An and Lo Model 

OD 

Pair 

OD Demand 

(pass/hr) 

Served 

by Bus 

Path by Bus Distance 

(km) 

Served by 

DAR 

Path by 

DAR 

Distance 

(km) 

6→9 50 0 - - 50 6-9 4 

8→6 40 0 - - 40 8-6 7 

7→11 200 152 7-3-11 11 48 7-11 11 

2→4 90 90 2-1-3-6-4 13 0 - - 

1→5 150 54 1-3-6-4-5 14 1 1-5 13 

  95 1-2-7-8-9-5 20    

11→1 50 50 11-3-1 11 0 - - 

4→8 100 90 4-5-9-8 12 10 4-8 12 

5→7 110 110 5-4-6-3-7 14 0 - - 

9→2 120 34 9-5-4-6-3-1-2 20 32 9-2 12 

  54 9-8-7-2 14    

 

 

Figure 5.6. Bus Line Configuration and Passenger Flow Results for the Solution Using the An and Lo 

Model 
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The big difference in the operator’s costs is because the DAR vehicles are not always fully 

occupied. In fact, they may be occupied by a small number of passengers, and sometimes there 

will be no passengers until a new passenger is picked up. The accurate users’ costs and the total 

distance traveled are higher than the approximate costs because passengers will sometimes travel 

to their destination indirectly. Hence, the approximate total costs are lower than the accurate values. 

The total cost of the solution by the An and Lo model is 1,185, while the equivalent accurate cost 

is 1,317. In summary, the optimal DAR/bus combinations determined by the approximate models 

differ from those calculated using the accurate model, and this affects the total cost. 

 

Table 5.5. Comparison between the Accurate and Approximate Approaches for Calculating the Cost of 

the DAR Service 

Optimal Solution Operator’s 

Cost (DAR) 

Users’ Cost 

(DAR) 

Total Distance 

Travelled (DAR) 

Total Costs 

Acca Appb Acca Appb Acca Appb Acca Appb 

Multimodal Service 59 31 13 10 574 511 1234 1203 

An and Lo Model 212 84 35 31 1548 1512 1317 1185 

a Acc: using accurate approach to calculate DAR costs 
b App: using approximate approach to calculate DAR costs (An and Lo - method) 

 

Many forms of public transit services have been introduced to serve the OD pairs shown in 

Table 5.1. An equitable transit service can cater to the needs of captive riders and maximize transit 

service coverage. Equity analyses focus on evaluating how proportionately, or disproportionately, 

benefits are distributed across different segments of the population (travelers). Transportation 

equity analysis can be difficult because there are several types of equity to consider, numerous 

impacts and ways of measuring those impacts, and various ways that people can be grouped for 

equity analysis. Welch and Mishra (2013) mentioned that “there is no generally accepted standard 

framework for measuring equity in transport”. The authors also defined two types of equity: 

horizontal and vertical. Horizontal equity is concerned with the equal distribution of an attribute 

(or recourse) among equal members of a population while vertical equity concerns on the 

distribution of an attribute among specific groups.  

I use here the horizontal equity to define and measure equity of the different public transit 

services presented earlier (i.e. Multimodal and Bus only). The Gini index is used to measure the 

inequity which can be calculated by measuring is the difference between a perfect equity line and 

a Lorenz curve, which measures the real distribution as shown in Figure 5.7. The index value 
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ranges from 0 to 1, representing perfect equity when there is no difference between the perfect 

equity line and the Lorenz curve. The Gini index can be calculated using Equation 5.41 by 

approximation based on the difference between each interval (Brown, 1994). 

 

1 1

1

1 ( )( )
n

k k k k

k

G X X Y Y  



       (5.41) 

Where 

G∝ Gini index value for a population or sample ∝; 

Xk Cumulative proportion of the population (demand); 

Yk Cumulative proportion of attribute k. 

 

 

Figure 5.7. Gini Index Example (Welch and Mishra, 2013) 

 

I used two attributes to calculate the Gini index: absolute difference and relative increase of 

travel time. The absolute difference represents the difference between the actual and the direct 

travel time for each OD pair. The relative increase represents the relative increase between the 

actual and the direct travel time for each OD pair. Table 5.6 shows the summary of these 

calculations and the detailed calculation are shown in the appendix. Figures 5.8 and 5.9 show the 



 

 
83 

 

Gini index results for different optimal solutions using the absolute difference and relative increase, 

respectively. 

As shown from the results the solution when only the bus service is provided gives the lower 

values for the Gini index which represents the most equitable transit service for the travelers. 

However, the absolute travel time difference is much bigger (61 min) compared with the values 

for other optimal solutions. Which means that even if providing bus service only looks more 

equitable to the travelers, the absolute difference in travel time is bigger. Also adding these results 

to the results shown earlier in Table 5.3, the total costs for the bus only service is bigger than the 

other optimal solutions. To clear this conflict in results require consideration of the transportation 

equity in the objective function or as a constraint in the design models.  

The results in Table 5.6 show also that the Gini index for our solution is a little higher than the 

one for An and Lo model. The reason for this small difference is that their model uses the 

approximate method as shown earlier and the travelers who use the DAR service will experience 

direct trips with the shortest distances. As a consequence, the absolute difference in travel time 

will be lower compared to our solution (21 to 39 min). Also for our solution, from the detailed 

results in the appendix, these differences in the travel time will mostly occur for the travelers who 

used the DAR service.          

 

Table 5.6. Comparison of the Gini Index Values between Different Optimal Solutions 

Optimal Solution Total Value of Attribute k Gini Index 

Absolute 

Difference  

Relative 

Increase 

Absolute 

Difference  

Relative 

Increase 

Multimodal   39 4.979 0.805 0.846 

Bus Only 61 4.727 0.370 0.366 

An and Lo Model 21 1.709 0.762 0.768 
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Figure 5.8. Transit Equity Lorenz Curves for Different Optimal Solutions Using Absolute Difference in 

Travel Time 

 

 

 

Figure 5.9. Transit Equity Lorenz Curves for Different Optimal Solutions Using Relative Increase in 

Travel Time 
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5.6 Summary  

In this chapter, I have developed an exact formulation for a multimodal public transport service 

comprising fixed and flexible transit services with stochastic demand. I considered the design of 

the two services to minimize the total costs to both the operator and passengers. Our results show 

that the advantages to operating a multimodal service including reductions in the total cost to the 

operator and passengers, and total travel distances for all passengers. The results also show that 

the accurate design of both services has a large impact on the optimized solution and total 

associated cost. This work can provide guidelines to the local authorities to determine the optimal 

combination of fixed and flexible services in serving the OD pairs. I believe that local authorities 

can maintain public transit services and decrease the negative effects of low passenger loads by 

combining fixed and flexible services. 

One of the limitations of the model presented in this chapter is it doesn’t consider the waiting 

time before pickup for the users using the DAR service. Also, upgrading the design of the DAR 

service to allow the transfers between the DAR vehicles in the same way as the bus service. This 

may reduce the operating costs of the DAR service and reduce the total travel times of travelers. 

Also, the equity of the transit services between the travelers should be considered in the objective 

function or as a constraint in the design model. The current model doesn’t allow the transfers 

between the DAR service and the bus service. In Chapter 7, I will try to update the current model 

to allow the transfers between the two services.  
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Chapter 6 

Design of Integrated Flexible Transit 

Service with Given Fixed-Route Services 

 

 

6.1 Overview   

The road based transportation is a key issue for the social and economic development of any 

society. The increased use of private transportation caused problems in the forms of congestion 

and negative environmental effects. Congestion not only wastes time, it increases pollution and 

crashes. Authorities have done efforts on reducing the negative effects of the personal mobility by 

improving the road traffic management plans. A set of strategies have been applied such as 

reducing the travel times of vehicles and offering alternative routes through the use of ITS 

technologies. Also, the road pricing on the congested time periods and locations have been used. 

In addition, a set of regulations to control the traffic such as parking restrictions and turn 

restrictions. Encouraging the individuals to use the existing public transportation services can also 

decrease the use of the private cars, and thereby the problems caused by the personal mobility.  
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In previous chapters, I have discussed the Dial-a-Ride service, showing the service 

characteristics and a mathematical formulation of the DAR service design. I show also the 

advantages of using the DAR in serving demand in rural areas where it’s hard to use the traditional 

fixed-route services. Due to its high operating costs, the DAR service is costly ineffective 

transportation service especially for longer trips. In contrast, the fixed-route services have lower 

costs compared with the DAR services. For this point of view, I discuss in this chapter about the 

integration of the flexible services (e.g. DAR) with the existing fixed-route services to serve the 

passengers with low operating costs.  

 

6.2 Integration of Flexible Transit Services and Fixed-Route Services 

Local authorities and transit operators always try to offer more attractive public transit services 

and serve as many persons as possible. However, serval reasons make people give up using the 

public transport services and prefer using their private cars. Among these problems:  

 The last mile problem: which arises when the public transport stops are too far away from 

the passenger origin/destination. 

 Too many people on public transport: people prefer to use their cars to avoid the crowded 

on public transport.   

 Late night service: as the fixed-route services are not frequent or not exist.    

 Safety consideration: not safe to wait at the public transport stops.   

 Need to use the car to give other people lifts (e.g. children to school), work, hospital, and 

shopping.   

 

To attract people to use the public transport and overcome the previous issues, public 

transportation systems are evolving towards more flexible solutions. One of such solutions is the 

integration between the flexible services and the fixed-route services. This type of services can use 

the existing fixed-route service for a major part of the journey and the flexible services for shorter 

distances. This service can reduce the total costs of the public transport by using the fixed-route 

service. In addition, extending the public transportation to the low-density areas where it is not 

advisable to use the fixed-route service.  

Figure 6.1 shows a scheme for an integrated DAR service with the existing bus service to 

service four requests. Nodes (P, D) represents the pickup and delivery points of the travelers. As 
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shown in the figure some requests are too near to the bus stops so the DAR service is not needed 

in the final leg as the customer can walk from bus stop to his origin/destination (e.g. node D1 

destination of traveler 1). Some travelers were offered a direct trip using the DAR service between 

their origins and destinations. For example, request 3 used the DAR vehicle 1 from the origin P3 

to the destination D3. Other travelers may experience a combination of the DAR service and bus 

service to complete their trips. For example, request 1 used the DAR vehicle 1 from the origin P1 

to the nearest bus stop BS1 and after using the bus service to the nearest bus stop BS2 and walk to 

the final destination D1 as it is near to the bus stop.  

 

P1

D1

P4

P2
P3

D2

D3

D4

Bus Lines

DAR1 Route

Bus Stops

DAR2 Route

DAR  Depot

Requests Locations 

BS2

BS1

BS3

 

Figure 6.1. Scheme for Satisfying a Demand of Four Requests 

 

In case that, the traveler start his trip using the DAR service then transfers to the bus service 

then transfer again to the DAR service to get to his final destination, it is not necessary he uses the 

same DAR vehicle at the first and last legs of the trip. An example for this case is obvious in 

request 2 as the traveler use DAR vehicle 1 from his origin until he arrives at the bus stop BS1 then 

use the bus service where he makes transfer between the two bus lines and continues on the second 

bus line until he arrives at the bus stop BS3. After that, the DAR vehicle 2 pick up the traveler to 

his final destination D2.       
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There are limited research papers representing the work of integration between the flexible and 

fixed-route services. One of the first attempts to integrate the flexible service (DAR) with a fixed-

route service was done by Liaw et al. (1996). The authors formulated a model to maximize the 

number of requests served while satisfying the service time constraints for the travelers. At most 

two transfers are allowed in the entire trip of the traveler. Also, transfers within the same mode are 

not allowed. Their results showed that improvements of up to 9% in terms of the number of served 

requests can be obtained using static planning. Hickman and Blume (2001) used a two-stage 

heuristic to solve the integrated service scheduling problem to minimize the operating costs while 

satisfying a set of constraints on the quality of the service. They concluded that the potential cost 

savings and passenger level of service are sensitive to the parameters of the minimum and 

maximum passenger trip lengths for paratransit trip "legs" and the assumed penalty for passenger 

transfers. 

Aldaihani and Dessouky (2003) used a two-stage heuristic to get an approximate solution. The 

objectives of the solution method were to reduce the vehicle miles of the on-demand vehicles while 

not significantly reducing the customer service level. The results showed that showed that shifting 

some of the demand for a hybrid service route (18.6% of the requests) reduces the on-demand 

vehicle distance by 16.6%. Hall et al. (2009) introduced a mixed integer program to solve an 

Integrated Dial-a-Ride Problem (IDARP). The authors consider transfers to fixed lines without 

modeling the schedules of the fixed-route services (i.e. time synchronization between the two 

services is not considered). Also, they assume an infinite capacity for the fixed-route service. The 

objective was to minimize the total routing cost of the dial-a-ride vehicles only.  

Posada et al (2017) updated the work of Hall et al. (2009) to include time synchronization 

between the two services. Due to the complexity of the model, the authors presented the second 

model in an attempt to reduce the number of the variables in the model. However, the second 

model didn’t make significant improvements as only 5 requests were solved optimally within 7 

hrs. In both models, the transfers between both modes were not modeled as well as the passenger’s 

in-vehicle travel time costs and the consideration of the available onboard capacity of the fixed-

route service. Another drawback of these models is that they can’t solve networks include more 

than one fixed route since there are no variables to identify the time of the passengers at each node 

in the network.    

In summary, a range of approaches to integrate the flexible service and the fixed-route service 

have been proposed. Most of the previous researchers assume that any feasible solution is 
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acceptable to the travelers as long it satisfied the travel time constraints. However, this is not 

always true, since they didn’t model the transfers, as a result, a passenger might experience a high 

number of transfers during his trip. Also, the onboard capacity of the fixed-route service was not 

considered which is not accurate especially during peak hours as it will increase the user 

inconvenience and the travelers might give up using the service. My aim is to design the DAR 

service and determine the vehicle itineraries and schedules where part of the passengers’ trips can 

be carried by the existing fixed-route service. More attention is paid to the passenger’s interests 

including the in-vehicle travel costs and the transfer penalty costs. In addition, a set of constraints 

are defined to control the quality of the provided service including the maximum number of 

transfers and the maximum ride time for a single user. In the following section, I will describe a 

formulation for a service integrate the flexible services with the existing fixed-route service.  

 

6.3 Model Formulation 

The objective of the proposed formulation is to find the optimal itineraries and schedules for 

DAR vehicles and passengers, where part of the trip can be performed by the existing fixed-route 

service, such that total costs are minimized. The minimized total costs include: operating costs for 

DAR vehicles, passengers' in-vehicle travel costs, and passengers' transfer penalties. The 

passengers' in-vehicle travel costs include the costs for traveling using both DAR service and fixed 

service. A transfer penalty is calculated if a passenger transfer between DAR and fixed-route 

services or between different lines on the fixed-route service.  

 

6.3.1 Two Models 

Studying the structure of the problem explained earlier and to solve it to optimality require 

determination of a huge number of variables. The main sources of problem complexity are the 

number of requests and transfer locations. Many researchers have attempted to solve these issues 

to reduce the size of the problem and increase the number of solved requests. However, they only 

solve small instances and the computational time is still large. In the model presented in this 

chapter, I attempt to enhance the quality of the service and consider the passengers’ interests. These 

modifications add new variables and increase the size of the problem hence the required 

computational time. Two models are presented here, the first one follows the same network 

structure and problem modeling used by previous researchers as well as the modification and new 
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variables I have added to the problem. In the second model, I attempt to change the problem 

modeling to reduce the number of variables. 

In practical situations, their pickup or drop-off points of some requests might be close enough 

to the transfer locations. Which allows them to start or end their trips using the fixed-route service 

and there is no need to use the DAR service as they can walk to the bus stop directly. For these 

situations, in both Models, I have created a special subset N3 of the pickup and drop-off node which 

is close enough to a transfer location. These requests have the ability to start/end the trips using 

the DAR service or walk to the transfer locations to use the fixed-route service. The allowable 

walking distance can be set as an input in the both Models    

In the next subsections, I will present the variable definitions used in both models as well as 

provide the details of the two models and the network’s descriptions. Also, numerical experiments 

will be used to show the difference in computational times for both models. 

 

6.3.2 Variable Definitions 

In this formulation, I aim to find the optimal itineraries and schedules for DAR vehicles and 

passengers, where part of the trip can be performed by the existing fixed-route service, such that 

total costs are minimized. The minimized total costs include: operating costs for DAR vehicles, 

passengers' in-vehicle travel costs, and passengers' transfer penalties. To address this problem, I 

determine variables which are relevant to the design of DAR such as: (1) DAR arc flows (X) that 

specify the DAR vehicle itineraries, (2) DAR vehicle capacities (Q) which represent the number 

of passengers in the DAR vehicle after it leaves a node, (3) and DAR service times (B) which 

correspond to when the DAR vehicles begin their service at any node, whether loading at a pick-

up node or unloading at a delivery node. In addition to passengers’ (requests’) related variables 

such as (4) passengers times at each node (T), (5) passenger arc flows (Y) which represent the 

onboard passenger demand on DAR vehicles, (6) passenger arc flows (Z) which represent the 

onboard passenger demand on every bus vehicles, (7) passenger transfer variable (δ) which 

indicate the passenger transfer from DAR vehicle to bus vehicle, (8) passenger transfer variable 

(θ) which indicate the passenger transfer from bus vehicle to DAR vehicle, and (9) passenger 

transfer variable (ω) which indicate the passenger transfer between different bus lines.  

The proposed formulation can track accurate passengers’ movements and transfers through the 

entire network using the different time, flow and transfer variables. Also, passengers can transfer 
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between different bus lines, but they cannot transfer between different DAR vehicles. The 

following notations are used in the development of the two proposed models: 

P Set of all pick-up nodes;  

D Set of all drop-off nodes; 

Do Origin DAR vehicle depot; 

Dd Destination DAR vehicle depot; 

R Set of all requests; 

g Set of all transfer locations; 

g  Set of transfer locations shared by more than one bus line; 

  Set of all replicated transfer nodes, gR  ; 

r  Set of replicated transfer nodes related to request r; 

  Set of replicated transfer nodes shared by more than one bus line; 

N Set of all nodes, N= P ∪ D ∪ Do ∪ Dd ∪ ; 

N1 Set nodes = P ∪ D; 

N2 Set nodes = P ∪ D ∪ ; 

N3 Subset of pick-up/drop-off nodes which are associated directly with a transfer node; 

A Set of all arcs connecting all nodes; 

A1 Set of arcs (i, j), ∀ i ∈ N1, j ∈ N2; 

A2 Set of arcs (i, j), ∀ i ∈ N2, j ∈ N1; 

A3 A1 ∪ A2; 

A4 Set of arcs (i, j), ∀ i ∈ , j ∈ ; 

K Set of all DAR vehicles; 

Wj Set of all bus vehicles in bus vehicles passing through transfer node j; 

Wij Set of all bus vehicles in bus vehicles traveling through arc (i, j); 

d
i
 Service duration for passengers at node i (boarding/alighting); 

e
i
 Earliest time at which service can begin at node i; 

l
i
 Latest time at which service can begin at node i; 

hr Parameter used to control the maximum ride time of a request r; 

qr Load of request r; 

Tk Maximum route duration time of DAR vehicle k; 

MTr Maximum number of transfers for request r; 
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Qk Maximum capacity of DAR vehicle k; 

Q
w

ij Available onboard capacity for bus vehicle w for arc (i, j); 

c
1

ij Operating cost for DAR vehicle k associated with traveling through arc (i, j); 

c
2

ij Passenger in-vehicle travel cost using DAR service for arc (i, j); 

c
3

ij Passenger in-vehicle travel cost using bus service for arc (i, j); 

  Transfer penalty cost; 

si Stopping time at node i (loading/unloading) for DAR and bus vehicles; 

s
1

i Transferring time between DAR and bus vehicles at node i; 

s
2

i Transferring time between different bus vehicles at node i; 

d
w

ij Departure time of bus vehicle w from node i to node j; 

p
w

ij Arrival time of bus vehicle w at node i from node j; 

r
i  

1 if node is theoriginof request

-1 if node is thedestinationof request

0 otherwise

i r

i r







; 

M Large positive number; 

T
r

i Continuous variable that indicates the time of request r at node i; 

iB  Continuous variable representing the time at which DAR vehicles starts service at node i; 

k
i  Continuous variable indicates the time of DAR vehicle k at depots; 

k
ijx  Binary variable denoting whether vehicle k travels from node i to node j; 

ry ij  Binary variable denoting whether arc (i, j) is traversed by request r using DAR vehicles; 

rwz ij  Binary variable denoting whether arc (i, j) is traversed by request r using bus vehicles; 

r
j  Binary variable that indicates if request r transfers from DAR vehicle to bus vehicle at 

transfer node j; 

r
j  Binary variable that indicates if request r is transferring from bus vehicle to DAR vehicle 

at transfer node j; 

r
j  Binary variable that indicates if request r is transferring between different bus lines; 

k
i  Auxiliary variable indicates the sequence of node i on DAR vehicle k path. 
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6.3.3 Mathematical Formulation of Model 1 

The problem is formulated over a directed graph G (N, A), in which N is the set of nodes and 

A specifies the set of arcs. Each arc (i, j) ∈ A connects nodes i and j for i, j ∈ N, i ≠ j with a link 

travel time tij. I follow here the same network structure presented in Häll et al. (2009). Each 

physical transfer node i ∈ g contains one replicated node for each request, so it the total number 

of replicated transfer nodes is gR  . For example, a replicated node a2 represents the original 

transfer node a and request 2. Figure 6.2 shows a network representation for two requests and two 

transfer locations. The arcs shown in this figure represents the binary variable (X) for one DAR 

vehicle. Binary variable (Y) for one request has the same network structure as (X) for one DAR 

vehicles except any arcs connected to the DAR vehicle depots (i.e. sets 1, 6, 7, 8, and 9).     

The set of nodes, N, is divided into five subsets: pickup nodes (P ={i,…, R}), delivery nodes 

(D ={R+i,…, 2R}), the origin depot node (Do ={0}), the destination depot node (Dd ={2R+1}), 

and the set of all replicated transfer nodes( gR  ) . I define R as the set of all requests and K as 

the set of all DAR vehicles. Every DAR vehicle has maximum capacity Qk and maximum route 

duration time Tk. Every request is associated with two nodes (i, R+i), where i ∈ P and R+ i ∈ D 

and has load qr. Each node i ∈ N is associated with a time window [ei, li], where ei and li represent 

the earliest and latest time at which the service may begin at node i, respectively. Also, a service 

duration di for loading/unloading passengers is associated with each node i ∈N. The passenger load 

qr, is positive at pickup nodes and negative at delivery nodes.  
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From Do to all pickup nodes

From pickup nodes to delivery
nodes

From pickup nodes to other 
Pickup nodes

From delivery nodes to other
delivery nodes

From delivery nodes to pickup
nodes except its own pickup node 

From delivery nodes to Dd

Set 1

Set 2

Set 3

Set 4

Set 5

Set 6

From Do to DdSet 7

From Do to all replicated 
transfer nodes

Set 8

From all replicated 
transfer nodes to Dd

Set 9

D1 D2

P1 P2

Do

Dd

b1

Do

Dd

From pickup nodes to all 
replicated transfer nodes and 
vice verse

Sets 10, 12

From delivery nodes to all 
replicated transfer nodes and 
vice verse

Sets 11, 13

Between all replicated transfer 
nodes for the same physical 
transfer location

Set 14

b2

a1

a2

D1 D2

P1 P2

b1

b2

a1

a2

 
Figure 6.2. Example of Two Requests and Two Transfer Stops 
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The objective function (6.1) is to minimize the sum of different cost terms. The first term is 

the operating costs for the DAR vehicles. The second term is the transfer penalty costs for 

passengers transferring between DAR and bus services. The third term is the transfer penalty costs 

for passengers transferring between different bus lines. The fourth term is in-vehicle travel costs 

for the passengers using DAR service. The last term is in-vehicle travel costs for the passengers 

using bus service. Constraint (6.2) ensure that DAR vehicles visit every request node (pickup or 

delivery) exactly once, with the exception of nodes associated directly with a transfer node as it 

might be served by the bus service instead of the DAR service. Constraint (6.3) ensure the pickup 

and delivery nodes associated directly with a transfer node might be served by DAR or not, in case 

the bus service is used to serve that node. 

Constraints (6.4) and (6.5) guarantee that the route for each vehicle k will start from the origin 

depot and end at the destination depot. Constraint (6.6) ensures that the DAR vehicle leaves each 

node after arriving. Constraint (6.7) represents the passenger flow balancing condition on pickup 

and delivery nodes, with the exception of nodes associated directly with a transfer node. While 

constraint (6.8) is the passenger flow balancing condition on transfer nodes and also the pickup 

and delivery nodes associated directly with a transfer node. Onboard capacity limits are guaranteed 
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by constraints (6.9) and (6.10) to meet the passenger demand using DAR and bus service, 

respectively. Scheduling of DAR vehicles is considered in constraint (6.11). Similarly, for each 

request, the timing is considered in constraint (6.12). 

Constraints (6.13) and (6.14) ensure that timing for request r with the fixed-service timetables. 

Constraint (6.15) limits the allowable ride time of each request. The parameter hr allows us to 

control the upper limit of the ride time of a particular request. Constraint (6.16) ensures that all 

nodes are serviced within their time window. Constraints (6.17) and (6.18) ensure the time of 

service for the DAR vehicles at the origin and destination depots. Constraint (6.19) ensures that 

the duration of each vehicle itinerary is less than the maximum route duration time for the DAR 

vehicle. Constraints (6.20) and (6.21) assures that the service time for request r is equal to the 

service time of DAR vehicle. Constraints (6.22 - 6.24) are related to the different types of transfers 

for each request. Constraint (6.22) used to know whether request r transfers from DAR vehicle to 

bus lines at transfer nodes. The same for the transfers from bus lines to DAR vehicles or the 

transfers between different bus lines in constraints (6.23) and (6.24), respectively. Constraint 

(6.25) controls the maximum allowable transfers for each request. Constraint (6.26) is used to 

prevent sub-tours for the DAR vehicles itineraries.  

 

6.3.4 Mathematical Formulation of Model 2 

The size of the problem presented in Model 1 increase quickly as a function of the number of 

solved requests and the number of transfer locations. The replication of every transfer location for 

every request is mainly done to capture the multiple visits of DAR vehicles to every transfer 

location. The maximum excepted number of visits for any transfer node is equal to the number of 

requests in the network. This is true and necessary to be done for the DAR arc flows variable (X) 

as we may expect multiple visits for the DAR vehicle to the transfer node. However, this is not 

necessary to be done for the passenger arc flows variable (Y) as the request is expected to visit any 

transfer node just once. Also, from a practical view, there is no need for any request to make 

multiple visits at any transfer location. This modification can reduce the number of variables in 

the model, hence improve the computational time.    

The previous modification result in changing the network representation and the number of 

variables for variables (Y, T, δ, θ, and ω). Variable (X) will have the same network representation 

presented earlier in Figure 6.2. However, variable (Y) will have a different network representation 

due to the reduction of the transfer locations as shown in Figure 6.3. The main changes are in sets 
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(10, 11, 12, and 13) as the number of arcs is lower than the ones in Figure 6.2. Also, set (14) can 

be deleted in Figure 6.3 as there are no replicated nodes for the same transfer location in case of 

the variable (Y). It worth to mention again that in Figure 6.2 the arcs representing the variable (Y) 

for one request are the same as the arcs representing variable (X) for one DAR vehicle excluding 

any arcs connected with the depots (Do, Dd). Comparing the number of variables (arcs) in both 

Figures 6.2 and 6.3 it’s obvious the reduction in the number of arcs related to the variable (Y).  

The problem in Model 2 is formulated in the same way as in Model 1 over a directed graph G 

(N, A), in which N is the set of nodes and A specifies the set of arcs. Each arc (i, j) ∈ A connects 

nodes i and j for i, j ∈ N, i ≠ j with a link travel time tij. The difference is in the network 

representation for variables (Y, T, δ, θ, and ω) as only one physical location will represent each 

transfer node.  

From pickup nodes to delivery
nodes

From pickup nodes to other 
Pickup nodes

From delivery nodes to other
delivery nodes

From delivery nodes to pickup
nodes except its own pickup node 

Set 2

Set 3

Set 4

Set 5

D1 D2

P1 P2

Do

a

Dd

b

D1 D2

P1 P2

Do

a

Dd

b

From pickup nodes to  transfer nodesSet 10

From delivery nodes to  transfer nodesSet 11

From transfer nodes to pickup nodesSet 12

From transfer nodes to delivery nodesSet 13

 

Figure 6.3. Example of Two Requests and Two Transfer Stops (Model 2 - Variable Y) 
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Most of the constraints in Model 2 have the same purpose and formulation as in Model 1. Due 

to the modification of the network structure for variables (Y, T, δ, θ, and ω) some changes have 

been made in these symbols related to considering one node only for each transfer location. 

Constraint (6.57) is added to ensure that each request will visit any transfer location only once. 

 

6.4 Comparison between the Two Models  

The Modifications made in Model 2 were to reduce the number of binary and continuous 

variables (Y, T, δ, θ, and ω), hence the required computational time. Table 6.1 gives a detailed 

description of all the variables in both models including the type and the way of calculating the 

number of variables. For a better explanation about the reduction in the number of variables, let’s 
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imagine we have a network one bus line (l=1) which consist of six bus stops (g=6) and three bus 

vehicles (w=3) passing every one hour on each bus stop. Also, we have one DAR vehicle (k=1) 

and origin and destination depot. Figure 6.3 gives a comparison of the total number of variables 

for the previously explained network in both models as a function of the number of requests. It’s 

obvious that the number of variables in Model 1 increase rapidly as the number of the requests 

increases compared with Model 2. 

 

Table 6.1. Calculation of Number of Variables for Both Models    

Variable Type Calculations Method 

Model 1 Model 2 

X Binary (4r2-r+1+5gr2-gr)*k (4r2-r+1+5gr2-gr)*k 

Y Binary (4r2-3r+5gr2-3gr)*r (4r2-3r+4gr)*r 

Z Binary 2w(g-1)*r 2w(g-1)*r 

T Continuous 2r2+gr2 2r2+gr 

B Continuous 2r+gr 2r+gr 

𝛃 Continuous 2k 2k 

𝛀 Continuous (2r+gr)*k (2r+gr)*k 

𝛅 Binary gr2 gr 

𝛉 Binary gr2 gr 

𝛚 Binary g r2 g r 

 

 

Figure 6.4. The Number of Total Variables for the Two Models as a Function of the Number of Requests 
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6.5 Numerical Results  

The solution algorithm described in this study was developed in Matlab (Matlab Inc., Natick, 

MA, USA), and the optimization solver was the academic version of IBM CPLEX 12.6.1. The 

experiments were run on a 3.6-GHz i7-4960x computer. The formulation was tested using 

randomly generated instances over a square [-20, 20] × [-20, 20]. In all instances, the coordinates 

of the pickup and drop-off points were randomly chosen and one distance unit corresponds to one 

driving time unit. One bus line is located in this area with four bus stops and the average length 

between two consecutive bus stops was 14. I assume a planning horizon of 6 hours and the width 

of the time window was taken as 15 min.  

I used up to four DAR vehicles with a maximum capacity Qk = 8 passengers. The unit DAR 

operating cost per unit length is c1 = 1 and the maximum DAR vehicle route duration is 680 min. 

I set c2 = 0.035, c3 = 0.03, and   = 0.02. The number of transfers allowed for each passenger 

during his trip was set to 2 transfers at maximum. Maximum computational time was set to 200 

min (≈ 3.33 hours) to check the computational ability and the calculations were interrupted if the 

computational time exceeded the time limits. Each instance was identified with a letter and a 

number. The letter referred to the instance set and the number referred to the number of requests. 

The number of passengers in each instance was selected randomly from 1-3 passengers.   

Table 6.2 shows the computational time required to solve the randomly generated instances. 

Tests have been performed on both models and the final computational time was reported. For 

both models, the solving times increase rapidly and the results show that the increase is higher for 

Model 1. As the number of variables as a function of the requests increases faster compared with 

Model 2 as shown previously in Figure 6.4. I was able to solve only 4 requests using Model 1 

within the solving time limits. Due to the lower number of variables in Model 2, up to 7 requests 

were solved optimally. According to Parragh et al. (2008), the number of requests is not a very 

good indicator of what type of instances can be solved with the model. It depends on the 

characteristics of the data used as more tightly constrained instances are so much easier to solve 

than instances with less tight constraints. 
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Table 6.2. Computational Results for Instances Using Both Models    

Instance No. of DAR 

Vehicles 

Computational Time  

Model 1 Model 2 

c2 2 1.7 sec 2.8 sec 

c3 3 15 sec 15 sec 

c4 4 16 min 38 sec 

c5 4 -- 13 min 

c6 4 --  38 min 

c7 4 -- 194 min 

 

Table 6.3 shows the total costs for both the operator and the users for all the generated instances 

for both models. The operator’s costs include the DAR vehicles operating costs. And the users’ 

costs consist of the in-vehicle travel time costs for using DAR and bus services in addition to the 

transfer costs. To demonstrate the advantages of the integration of DAR service with the existing 

fixed-route service, I calculate the optimal solution when only a DAR service is provided. In this 

case, the operator’s costs are the DAR vehicles operating costs. And the users’ costs is the in-

vehicle travel time costs for using DAR service. 

 

Table 6.3. Comparison of the Components of the Total Cost between Different Optimal Solutions 

Instance Model 1 Model 2 DAR Only 

Total 

Costs 

Operator 

Costs 

Users 

Costs 

Total 

Costs 

Operator 

Costs 

Users 

Costs 

Total 

Costs 

Operator 

Costs 

Users 

Costs 

c2 16.28 10.42 5.86 16.28 10.42 5.86 48.38 42.7 5.67 

c3 27.11 15.19 11.92 27.11 15.19 11.92 93.49 82.05 11.45 

c4 21.30 7.45 13.85 21.30 7.45 13.85 99.96 85.01 14.95 

c5 --  --  --  32.52 18.57 13.95 97.65 84.84 12.81 

c6 --  --  --  40.55 22.42 18.13 106.82 89.00 17.82 

c7 -- -- -- 53.96 33.47 20.49 141.87 121.46 20.41 

 

To consider the case of DAR service only, two methods can be used. The first is to design the 

DAR service alone using the model which was presented in Chapter 4. While the second is using 

any of the two models presented in this chapter and force the passengers not to use the bus service 

and only use the DAR service. This type of enforcement on the passengers’ trips can be done by 
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setting the available onboard capacity for the bus service to be Zero, so the passengers cannot use 

the bus service and only the DAR service is available. It should be noted that setting the maximum 

number of allowable transfers for each passenger to be Zero may not force them to use the DAR 

service only. As there might be a case where the pickup and drop-off nodes are close enough to 

the bus stops (i.e. both nodes belong to subset N3). In this special case, the passenger can use the 

bus service to complete his trip from the origin to the destination. 

The results in Table 6.3 show that for all the generated instances the total costs for Models 1 

and 2 are lower than the total costs for the DAR service only. This means that integrating the DAR 

with the existing bus service will reduce the total welfare costs (i.e. summation operator’s and 

users’ costs). Comparing the results of the two models, instances (c2, c3, and c4) have the same 

values for all the cost components. However, as shown in Table 6.4, the required computational 

time for Model 1 is much higher compared with Model 1 due to the higher number of variables in 

Model 1.  

The objective function in all models, the two models and the one for designing the DAR service 

only, incorporate the operator’s and users’ interests. The optimal values for the objective function 

is a trade-off between both interests in order to achieve a minimized total welfare costs. Providing 

the DAR service only can be seen as “user-oriented service” as the service provides direct trips for 

passengers hence the service quality increased. However, when the DAR service integrates with 

the bus service, the resulting integrated service can be seen as “authority-oriented service” as the 

quality of the provided service for passengers is lower than the case of DAR service only. In 

addition, the operating costs are lower for the operator. Which allows the local authorities to 

balance the two interests, operator and users, and maintain running the public transit services.        

 A simple comparison between the results in Table 6.3 can clarify this kind of trade-off. For 

example, for all instances (except c4) the users’ costs in case of using DAR service only are lower 

compared to the case of the integrated service from Models 1 and 2. This proves that using the 

DAR service only is preferable for the users’ as it focuses mainly on the service quality and can 

be seen as “User-Oriented Service”. On other hand, it’s clear from the results the differences in 

the users’ costs between the providing the DAR service only or the integrated service are small. 

While the operator’s costs have decreased which is preferable for the local authorities as it will 

help to maintain running the service and satisfying the interests of the operator and users. As a 

result, integrating the DAR service with the existing bus service can be seen as “authority-oriented 

service”. 
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6.6 Summary  

In this chapter, I have presented two exact formulations for a service integrate the flexible 

services (e.g. DAR) with the existing fixed-route services (e.g. bus). The aim was to design the 

DAR service and determine the vehicle itineraries and schedules where part of the passengers’ 

trips can be carried by the existing bus service. From the modeling side, the problem involves 

determining a huge number of variables and increase rapidly as the number of requests increases. 

I attempt to decrease the number of variables by making some modifications to the network 

structure in Model 2. The results show that Model 2 was able to solve a higher number of requests 

compared to Model 1.  

Apart from the problem complexity, I have calculated the optimal solutions for all the 

generated instances in case that only the DAR is provided. Compared with the results calculated 

using the DAR service only, the integrated service shows a significant reduction in the total welfare 

costs. The operator’s costs reduced a lot when the integrated service is provided as a result of using 

the fixed-route service to carry part of the passengers’ trips so the costs for using the DAR service 

have reduced. For the passengers’ costs, there was no significant difference between both services 

for all instances, however, the integrated service has little higher in most instances. This is expected 

as the passengers will experience the transfers between both services. I believe that this type of 

integration between the flexible and fixed-route service can encourage people to use the public 

transportation. Also, it can extend the public transportation to the low-density areas where it is not 

advisable to use the fixed-route service. 

One of the main challenges is the size of the problem as it increases rapidly as the number of 

requests and the transfer location increase. New trials should be done to modify the structure of 

the network to decrease the total number of variables. One suggestion is to use one node for the 

variable (X) in the same way as I did for the variable (Y). However, the problem will be on the 

variable (B) which represents the time of the Dar vehicle. As it is expected that a DAR vehicle 

might visit a certain transfer node more than once so we better think about how to capture the time 

of the different visits. It would be also a good suggestion to utilize heuristics and metaheuristics 

methods to enable us solving a higher number of requests. Apart from the problem complexity, 

some new attributes should be added such as the waiting costs of the passengers before picked up 

by DAR service and during waiting for the bus vehicles. Also, the modeling of the passengers’ 

behavior including the mode choice and departure time preferences. 
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Chapter 7 

Design of Integrated Transit Service with 

Stochastic Demand 

 

 

7.1 Overview   

In previous chapters, I have discussed the design of unimodal transit services, bus and dial-a-

ride; and their design models were presented. Later, an attempt to combine both services in one 

multimodal service was presented and an exact formulation for the multimodal service was 

proposed in the case where the demand is stochastic. In the previous chapter, I extend the scope of 

this study to include the integration of the two services and allow the transfers between them. The 

aim was to design the DAR service and determine the vehicle itineraries and schedules where part 

of the passengers’ trips can be carried by the existing fixed route service. A design objective 

functions include both operator’s and users’ interests were included in the design model as well as 

a set of constraints to improve and control the service quality for the users. Due to the problem 
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complexity a second model, with a modified network structure, was introduced in an attempt to 

reduce the total number of variables and the computational times.     

In this chapter, I extend the scope of this study to include the design of an integrated transit 

service between fixed-route and flexible services. This design model overcomes the limitations of 

the design model for the multimodal service as the transfers between the two services are included. 

In addition, the lower problem in the multimodal service design model (i.e. the DAR service 

design) is replaced with a design model includes the design of DAR service using the existing 

fixed-route service which was presented in the previous chapter. As it was shown in the previous 

chapter, the second model has proven a good ability compared with the first model as the number 

of variables is lower. So here I will use the second model in creating the design model for the 

integrated transit service.     

 

7.2 Integrated Transit Services 

Several reasons lead the authorities as well as the transit operators to integrate the transit 

services together. According to (Weiner, 2008) one reason for initiating integrated services is to 

avoid the cost of providing separate fixed-route and flexible services. Another reason rises when 

the transit agencies inherit pre-existing social service transportation programs and seek ways of 

consolidating the programs without disenfranchising existing riders. For example, if there is a 

flexible service provided for elderly and people with disabilities, the transit agencies can open 

these service for public use to help them reach the nearest fixed-route stops without affecting the 

original users of the flexible service (i.e. elderly and people with disabilities).     

The Integrated Transit Service Problem (ITSP) can be defined in different ways; Hickman and 

Blume (2001) stated that the ITSP is to schedule both passenger trips and vehicle trips for a service 

that use DRS to connect passengers from their origin to the fixed-route service and (or) from the 

fixed route service to their final destination. In this definition, the design of the flexible service 

(e.g. DRS) is only considered which is similar to the design model presented in the previous 

chapter.  

Another definition for the ITSP can be found in An and Lo (2015) as the integrated the rapid 

transit service, such as rail, and flexible services, such as dial-a-ride shuttles. The aim was to 

determine the optimal combination of these two service types under user equilibrium (UE) flows 

for a given urban density. However, these design models have some limitation as it calculates 



 

 
111 

 

approximated costs for the DAR service with no accurate design. In chapter5, I have proven that 

the approximated design for one of the integrated services can affect the total costs and the optimal 

combination result between the services. Another limitation of this model is related to the problem 

modeling as their model didn’t consider passengers’ waiting time and transfer costs for those who 

use the fixed-service. As well as no constraints on the maximum number of transfers for those who 

are transferring between the two services.       

In this chapter, I use the same definition for the integrated transit service problem used by An 

and Lo (2015). I include in the model the design for both services, the bus service and DAR service, 

where passengers can transfer between the two services The aim is to determine the amount of 

flexible service needed to complement a fixed service and minimize construction costs, operating 

costs and passengers’ costs. In addition, an accurate design of both fixed and flexible services that 

serve all OD pairs under stochastic demand is considered. In the following section, I will describe 

a formulation of a multimodal service combines the fixed and flexible services  

 

7.3 Model Formulation 

In this section, I will explain a mixed integer formulation for an integrated service design. This 

model combines the two models presented in the previous chapters, i.e. the bus service and the 

DAR service with a given fixed-route service. Some updated have been done for both previous 

models to consider the modeling of the travel time components perceived by the travelers such as 

in-vehicle, waiting and transferring time, and to consider the case of stochastic demand. Variable 

definitions followed by a description of the network and mathematical formulation will be shown 

in this section.   

The objective of the proposed formulation is to minimize the total cost of the integrated 

transport service. The total cost includes the operating and construction costs and the passengers’ 

in-vehicle travel time, waiting time and transfer time costs. I assume that the operator chooses the 

service to provide; bus or DAR, and that passengers cannot choose which mode to use (i.e., system 

optimal). However, the operator’s decision will consider passengers’ perspective in terms of 

minimizing passengers’ in-vehicle travel times, waiting times and transfer times. The integrated 

service is designed in two stages; in the first stage, the bus service is designed, and in the second 

stage, the DAR service is designed and the passengers can transfer to/from the bus service. In 

addition to calculating the passengers’ related costs. 
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7.3.1 Variable Definitions 

In this formulation, the aim is to minimize the total cost of the integrated service while serving 

all OD pairs under stochastic demand. This cost includes the bus, DAR and passengers’ costs. To 

address this problem, I determine the variables that are relevant to the bus and DAR services. The 

design of the bus service presented here is updated from the previous formulation in Chapter 3. 

New variables (U, T) are added to capture the amount of demand boarding and alighting different 

bus lines as well as the demand transferring between different bus lines. These new variables will 

enable us to model the costs of different travel time components perceived by the travelers such as 

in-vehicle, waiting and transferring times.  

In the case of the bus service: (1) bus arc flows (Y) that specify the bus line alignments, (2) 

passenger arc flows (Z) which represent the onboard passenger demand on every bus line, (3) 

passenger arc flows (U) which represent the passenger demand for boarding (alighting) on (from) 

different bus lines, (4) passenger arc flows (T) which represent the passenger demand for 

transferring between different bus lines, (5) and frequencies (F), which represent the frequency of 

each bus line. In addition, the DAR service is associated with the following variables (6) DAR arc 

flows (X) that specify the DAR vehicle itineraries, (7) DAR vehicle capacities (Q) which represent 

the number of passengers in the DAR vehicle after it leaves a node, (8) and DAR service times (B) 

which correspond to when the DAR vehicles begin their service at any node, whether loading at a 

pick-up node or unloading at a delivery node.  

In addition to some variables related to passengers using the DAR service such as (9) 

passengers times at each node (𝛗), (10) passenger arc flows (y) which represent the onboard 

passenger demand on DAR vehicles, (11) passenger arc flows (z) which represent the onboard 

passenger demand on every bus vehicles, (12) passenger transfer variable (δ) which indicate the 

passenger transfer from DAR vehicle to bus vehicle, (13) passenger transfer variable (θ) which 

indicate the passenger transfer from bus vehicle to DAR vehicle, and (14) passenger transfer 

variable (ω) which indicate the passenger transfer between different bus lines.  

In contrast to, the design model presented in Chapter 5, in this proposed model the passengers 

can transfer between the bus and DAR services. The following notations are used in the 

development of the proposed model. 
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7.3.1.1 Bus service design   

N Set of bus stops;  

A Set of arcs for the bus network; 

l
ij
 Link distance from node i to node j ; 

L Set of all bus transit lines in the network; 

Ds Set of dummy starting nodes for the bus network; 

De Set of dummy ending nodes for the bus network; 

N* total number of nodes for one bus line (including dummy nodes for the bus line l); 

c
1

ij
 Bus operating costs for link ij; 

c
2

ij
 Bus construction costs for link ij;  

c
3

ij
 Passengers’ travel cost for link ij; 

Qb Bus vehicle capacity; 

vs  Service ratio for OD pair v; 

vB  Amount of random demand carried by the bus service for OD pair v; 

1v
 Cumulative distribution function of the random demand for OD pair v; 

w
l

jlil,  Continuous variable representing the link frequency for link il, jl on bus line l; 

 Auxiliary variable indicates the sequence of station i on bus line l; 

f
l
 Continuous variable represents the bus transit line frequency; 

Y
l

jlil,  Binary variable indicating whether link il, jl is on bus line l; 

Z
v
imjm Continuous variable representing the passenger flow from replicated node im to replicated 

node jm on line m for OD pair v; 

U
v

imi ,
 Continuous variable representing the boarding passenger flow inside station i between the 

origin station node i and the replicated node im on line m for OD pair v. 

,
v
in ilT  Continuous variable representing the transferring passenger flow inside station i between 

line n and line l for OD pair v. 

7.3.1.2 DAR service design    

P Set of all pick-up nodes;  

D Set of all drop-off nodes; 

Do Origin DAR vehicle depot; 


l
i
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Dd Destination DAR vehicle depot; 

R Set of all requests; 

g Set of all transfer locations; 

g  Set of transfer locations shared by more than one bus line; 

  Set of all replicated transfer nodes, gR  ; 

r  Set of replicated transfer nodes related to request r; 

  Set of replicated transfer nodes shared by more than one bus line; 

N  Set of all nodes, N = P ∪ D ∪ Do ∪ Dd ∪ ; 

N1 Set nodes = P ∪ D; 

N2 Set nodes = P ∪ D ∪ ; 

N3 Subset of pick-up/drop-off nodes which are associated directly with a transfer node; 

A  Set of all arcs connecting all nodes; 

A1 Set of arcs (i, j), ∀ i ∈ N1, j ∈ N2; 

A2 Set of arcs (i, j), ∀ i ∈ N2, j ∈ N1; 

A3 A1 ∪ A2; 

A4 Set of arcs (i, j), ∀ i ∈ , j ∈ ; 

K Set of all DAR vehicles; 

Wj Set of all bus vehicles in bus vehicles passing through transfer node j; 

Wij Set of all bus vehicles in bus vehicles traveling through arc (i, j); 

d
i
 Service duration for passengers at node i (boarding/alighting); 

e
i
 Earliest time at which service can begin at node i; 

l
i
 Latest time at which service can begin at node i; 

hr Parameter used to control the maximum ride time of a request r; 

qr Load of request r; 

Tk Maximum number of transfers for request r; 

MTr Maximum route duration time of DAR vehicle k; 

Qk Maximum capacity of DAR vehicle k; 

Q
w

ij Available onboard capacity for bus vehicle w for arc (i, j); 

c
6

ij Operating cost for DAR vehicle k associated with traveling through arc (i, j); 

c
7

ij Passenger in-vehicle travel cost using DAR service for arc (i, j); 
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c
8

ij Passenger in-vehicle travel cost using bus service for arc (i, j); 

  Transfer penalty cost; 

si Stopping time at node i (loading/unloading) for DAR and bus vehicles; 

s
1

i Transferring time between DAR and bus vehicles at node i; 

s
2

i Transferring time between different bus vehicles at node i; 

d
w

ij Departure time of bus vehicle w from node i to node j; 

p
w

ij Arrival time of bus vehicle w at node i from node j; 

r
i  

1 if node is theorigin of request

-1 if node is thedestination of request

0 otherwise

i r

i r







; 

M Large positive number; 

r
i  Continuous variable that indicates the time of request r at node i; 

iB  Continuous variable representing the time at which DAR vehicles starts service at node i; 

k
i  Continuous variable indicates the time of DAR vehicle k at depots; 

k
ijx  Binary variable denoting whether vehicle k travels from node i to node j; 

ryij  Binary variable denoting whether arc (i, j) is traversed by request r using DAR vehicles; 

rwz ij  Binary variable denoting whether arc (i, j) is traversed by request r using bus vehicles; 

r
j  Binary variable that indicates if request r transfers from DAR vehicle to bus vehicle at 

transfer node j; 

r
j  Binary variable that indicates if request r is transferring from bus vehicle to DAR vehicle 

at transfer node j; 

r
j  Binary variable that indicates if request r is transferring between different bus lines; 

k
i  Auxiliary variable indicates the sequence of node i on DAR vehicle k path. 

E
v  Continuous variable representing the demand carried by the DAR service for OD pair v. 

 

7.3.2 Network Description 

7.3.2.1 Bus service network   
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I define the bus service network as a graph G (N, A), in which N is the set of nodes and A 

specifies the set of arcs. Each arc (i, j) ∈ A connects stations i and j for i, j ∈ N, i ≠ j with a link 

distance, lij. Each physical bus station i ∈ N contains one replicated node per bus line, so it consists 

of L replicated nodes. Each bus transit line l ∈ L is associated with specified frequency fl ∈ f as 

well as lower and upper bounds for the route frequency, fmin, fmax , respectively. For more flexibility 

in selecting the origin and destination for each bus line I introduce a set of dummy starting nodes 

Ds ={ Dsl, l ∈ L} and a set of dummy ending nodes De ={ Del, l ∈ L} so that every bus line l has a 

fixed dummy starting node Dsl and a fixed dummy ending node Del. Dummy links  ( Dsl, il ), i ∈ 

N, l ∈ L and (Del, il ), i ∈ N, l ∈ L are made available to connect every node i ∈ N with the dummy 

origin and destination nodes, respectively. I assume that each route serves both directions with the 

same line frequency. I define c4 and c5 as the passenger waiting time and transfer time costs, 

respectively. 

7.3.2.2 DAR service network   

The problem is formulated over a directed graph G ( N , A ), in which N  is the set of nodes and 

A  specifies the set of arcs. Each arc (i, j) ∈ A  connects nodes i and j for i, j ∈ N , i ≠ j with a link 

travel time tij. Each physical transfer node i ∈ g contains one replicated node for each request, so 

it the total number of replicated transfer nodes is gR  . The set of nodes, N , is divided into five 

subsets: pickup nodes (P ={i,…, R}), delivery nodes (D ={R+i,…, 2R}), the origin depot node (Do 

={0}), the destination depot node (Dd ={2R+1}), and the set of all replicated transfer 

nodes( gR  ) . I define R as the set of all requests and K as the set of all DAR vehicles. Every 

DAR vehicle has maximum capacity Qk and maximum route duration time Tk. Every request is 

associated with two nodes (i, R+i), where i ∈ P and R+ i ∈ D and has load qr. Each node i ∈ N  is 

associated with a time window [ei, li], where ei and li represent the earliest and latest time at which 

the service may begin at node i, respectively. Also, a service duration di for loading/unloading 

passengers is associated with each node i ∈ N . The passenger load qr, is positive at pickup nodes 

and negative at delivery nodes.  

 

7.3.3 Mathematical Formulation 

The objective of this formulation is to find the optimal combination (service ratio) of bus and 

DAR services, such that total costs are minimized and all the OD pairs are served. The service 
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ratio (S) is defined as the ratio of demand carried by the bus service. It is a vector containing the 

service ratio of each OD pair, and different OD pairs may have different service ratios. Start with 

fixing the values of S for the integrated service. This enables us to design the bus service easily, 

as the demand is assumed to be known and fixed. I design the DAR service to meet the excess 

demand when the bus service is operating at full capacity.  

7.3.3.1 Bus service design   
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The objective function (7.1) minimizes the sum of its components: the operating costs, 

construction costs, and passengers’ in-vehicle travel time costs, pre-boarding waiting time costs 

and transfer time costs. According to Yu et al. (2012), the waiting time can be set to 

(0.5*60/frequency). The transfer penalty is denoted as  . Constraint (7.2) ensures that each line is 

connected to only one start dummy node. Ensuring that station i is connected to one upstream 

station and one downstream station per bus line by setting constraints (7.3) and (7.4), respectively. 

Constraint (7.5) states that each line is connected to only one end dummy node. Constraint (7.6) 

rules out connectivity of each station on the bus line l to be connected by two links on the same 

line l. Constraint (7.7) ensures that every link is occupied by at most one bus line.  

Constraint (7.8) represents the passenger flow balancing condition on the original station nodes. 

This captures the passenger demand for boarding (alighting) different bus lines. Constraint (7.9) 

represents the passenger flow balancing condition on every replicated node il. This captures the 

passenger demand for transferring from (to) line l to (from) another bus line. I guarantee that there 

is sufficient capacity to meet the passenger demand to travel from station i to station j on different 

bus lines by setting Constraint (7.10). The constraints (7.11)-(7.13) are a linear relaxation of the 

nonlinear constraint (7.16). This is shown here as an illustration and will be removed from the 

calculation process later. The boundaries of the bus line frequencies are set by constraint (7.14). 

Constraint (7.15) is the sub-tour elimination constraint. Constraint (7.18) calculates how much of 

the demand is met by the bus service for each OD pair. 
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7.3.3.2 DAR service design   
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The objective function (7.19) is to minimize the sum of different cost terms. The first term is 

the operating costs for the DAR vehicles. The second term is the transfer penalty costs for 

passengers transferring between DAR and bus services. The third term is the transfer penalty costs 

for passengers transferring between different bus lines. The fourth term is in-vehicle travel costs 

for the passengers using DAR service. The last term is in-vehicle travel costs for the passengers 

using bus service. Constraint (7.20) ensure that DAR vehicles visit every request node (pickup or 

delivery) exactly once, with the exception of nodes associated directly with a transfer node as it 

might be served by the bus service instead of the DAR service. Constraint (7.21) ensure the pickup 

and delivery nodes associated directly with a transfer node might be served by DAR or not, in case 

the bus service is used to serve that node. 
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Constraints (7.22) and (7.23) guarantee that the route for each vehicle k will start from the 

origin depot and end at the destination depot. Constraint (7.24) ensures that the DAR vehicle leaves 

each node after arriving. Constraint (7.25) represents the passenger flow balancing condition on 

pickup and delivery nodes, with the exception of nodes associated directly with a transfer node. 

While constraint (7.26) is the passenger flow balancing condition on transfer nodes and pickup 

and delivery associated directly with a transfer node. Onboard capacity limits are guaranteed by 

constraints (7.27) and (7.28) to meet the passenger demand using DAR and bus service, 

respectively. Scheduling of DAR vehicles is considered in constraint (7.29). Similarly, for each 

request, the timing is considered in constraint (7.30). 

Constraints (7.31) and (7.32) ensure that timing for request r with the fixed service timetables. 

Constraint (7.33) limits the allowable ride time of each request. The parameter hr allows us to 

control the upper limit of the ride time of a particular request. Constraint (7.34) ensures that all 

nodes are serviced within their time window. Constraints (7.35) and (7.36) ensure the time of 

service for the DAR vehicles at the origin and destination depots. Constraint (7.37) ensures that 

the duration of each vehicle itinerary is less than the maximum route duration time for the DAR 

vehicle. Constraints (7.38) and (7.39) assures that the service time for request r is equal to the 

service time of DAR vehicle. Constraints (7.40- 7.42) are related to the different types of transfers 

for each request. Constraint (7.40) used to know whether request r transfers from DAR vehicle to 

bus lines at transfer nodes. The same for the transfers from bus lines to DAR vehicles or the 

transfers between different bus lines in constraints (7.41) and (7.42), respectively. Constraint 

(7.43) controls the maximum allowable transfers for each request. Constraint (7.44) is used to 

prevent sub-tours for the DAR vehicles itineraries. Constraint (7.45) is added to ensure that each 

request will visit any transfer location only once. 

7.3.3.3 Integrated service design   

The objective of the proposed formulation is to minimize the total cost of the integrated 

transport service. The integrated service is designed in two stages; in the first, the bus service is 

designed, and in the second stage, the DAR service is designed and the passengers can transfer 

to/from the bus service if there is enough onboard capacity and the time constraint are not violated. 

In addition to, calculating the passengers’ related costs. The details of the two stages are described 

as follows: 



 

 
122 

 

3. First stage: At first the value of S is fixed so that Equation (7.18) can be used to determine 

how much demand the bus service meets for each OD pair. Once the demand is fixed, the bus 

service can be designed to calculate the bus line alignment (Y), associated frequencies (F) and 

bus service costs. I assume that the probability distribution of the stochastic demand is known. 

The terms of the travel time, waiting time and transfer time costs are removed from Equation 

(7.1) as these will be calculated accurately in the next stage. The costs for the bus service can 

be calculated from Equation (7.47), subject to (7.2)-(7.17).  
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4. Second stage: The aim is to determine how much demand the DAR will meet when the 

realized demand exceeds the capacity of the bus service and the cost of meeting this demand. 

Some passengers using the DAR service can transfer to the bus service if there is enough 

onboard capacity and the time constraints are not violated. To express the possible stochastic 

demand situations a scenario simulation method is used. Assume that H scenarios are generated 

in total and each h ∈ H is generated with probability ph=1/m, so 1 Hh hP . For each 

generated scenario h ∈ H, if the realized demand exceeds the capacity of the bus service, the 

excess demand is met by the DAR service, which serves the people who cannot be served by 

the bus. 

 Phase (1): Equations (7.48)-(7.51) are used to calculate how much demand the DAR 

service can meet. The general idea is to recheck whether some of the excess demand 

can be met using the bus service by reassigning Z. The cost of providing the bus service 

does not increase, as the operating and construction costs for the bus service are fixed 

during the first stage. 
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   (7.51) 

 

The objective function (7.48) minimizes the sum of the passengers’ costs and the 

amount of demand met by the DAR service, where c9 is the approximate cost of using 

the DAR service. Constraint (7.49) guarantees that when the demand exceeds the 

capacity of the bus service, the DAR service will meet this demand. Constraint (7.50) 

represents the passenger flow balancing condition on every replicated node. As Y and 

F are fixed in the first stage, Constraint (7.51) imposes an upper limit on the passenger 

flow for the bus service. It is easy to calculate the sum of the passengers’ related costs 

from Equation (7.52). 

9
2 ( ) ( ) v

h

v V

S S c E 


    Hh  (7.52) 

 Phase (2): The DAR service can now be designed using Equations (7.19)-(7.45) and 

(7.53). Equation (7.53) ensures that for every scenario h ∈ H generated, the total 

demand for all requests is equal to the level of demand met by the DAR. Also, Equation 

(7.54) gives the expected cost of the DAR.  
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The overall cost can be calculated by Equation (7.5). 
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7.4 Solution Procedure 

The solution procedure used to solve this problem is the same solution procedure presented 

earlier in section 5.4. As a reminder, Figure 7.1 shows the general scheme for the proposed solution 

procedure.  
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Figure 7.1. Solution Procedure 

 

7.5 Numerical Results 

The solution algorithm described in this study was developed in Matlab (Matlab Inc., Natick, 

MA, USA), and the optimization solver was the academic version of IBM CPLEX 12.6.1. The 

experiments were run on a 3.6-GHz i7-4960x computer. I tested the formulation and solution 

algorithm using the same network and OD pairs used in Chapter 5, section 5.5 and shown here 

again in Figure 7.2. The number on each link represents the link cost.  

 
Figure 7.2. Network Setting 

Each bus vehicle has a maximum capacity of Qb = 25 passengers. At most, two bus lines are 

allowed in the network. The upper and lower bounds of the frequency are fmax = 10 veh/hr and fmin 
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= 2 veh/hr, respectively. I used six DAR vehicles with a maximum capacity Qk = 8 passengers. 

The unit bus operating cost per unit length is c1 = 2 and the unit bus construction cost per unit 

length is c2 = 6. I set c3 = 0.02, c4 = 0.03, c5 = 0.03, c6 = 0.64, c7 = 0.02, c8 = 0.02 and   =1. The 

approximate DAR cost per passenger per unit length, c9, is set at two times the unit operating cost 

per bus per unit length. The maximum DAR vehicle route duration is 600 min. The random demand 

is uniformly distributed such that Bd ≈ U (0, 2bd), where bd is the average hourly demand. 

Due to the problem complexity caused by the lower problem, i.e. DAR service design, I could 

not get reasonable results within the specified time limits (8 hours). Another reason is the proposed 

solution procedure makes the required computational time higher. As I have to solve the lower 

problem for many times and to solve the whole problem for many iterations to be able to get the 

optimal combination vector S.  

 

7.6 Summary  

In this chapter, I have developed an exact formulation for an integrated transit service between 

the fixed-route and flexible transit services under stochastic demand. The aim was to design both 

services to minimize the total costs for both operator and passengers. The proposed design model 

allows the transfers between the two services and controls the maximum allowable number of 

transfers between them. Due to the problem complexity caused by the lower problem, i.e. DAR 

service design, I could not get reasonable results within the specified time limits. Another reason 

is the proposed solution procedure makes the required computational time higher as I have to solve 

the lower problem for many times and to solve the whole problem for many iterations to be able 

to get the optimal combination vector S.  

I will continue my efforts to update the proposed design model by modifying the lower problem 

(DAR service design) to reduce the problem complexity. In addition, update the solution procedure 

to make it faster and hence reduce the required computational time. One suggestion is to consider 

the heuristics and metaheuristics method instead of the exact formulation introduced in the 

proposed design model for the integrated service. Also, the passengers’ behaviors should be 

included in the problem in terms of adding the mode choice behavior and allow the passengers’’ 

to choose between the DAR and bus service if possible. In addition to, a passenger trip assignment 

model should be added to assign paths to the passengers. 
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Chapter 8 

Conclusions and Future Research 

 

 

8.1 Conclusions 

The main goals of this study are to introduce a whole framework for designing different types 

of public transit services such as fixed-route and flexible services and improving their performance 

to satisfy different interests for users and operator. In addition, introducing several ideas for the 

combination or integration of these two types of services. The above objectives were accomplished 

by reviewing the previous design models for transit services and identifying the limitations of each. 

Also, understanding of the common terms which are necessary for an effective combination or 

integration between different transit services. These include the overall objectives, the accurate 

design of services, the relation between the operating costs and level of service for transit services, 

and the different interests of users and operator. The major conclusions and contribution of this 

dissertation are summarized below.  

The whole framework of this research is divided into three groups to consider the design of 

public transit services which are unimodal, multimodal, and integrated services. In this first group, 
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unimodal service, the individual design of fixed-route services, i.e. bus, and the flexible services, 

i.e. Dial-a-Ride, are discussed. For the unimodal fixed-route bus service, an exact formulation for 

the fixed-route bus service as to minimize the total welfare costs was introduced. The total welfare 

costs are defined as the summation of the construction and operating costs for the bus service and 

the total in-vehicle travel costs for the users. The results show the capability of the model to achieve 

minimum total costs for the operator and users by splitting the OD pairs between the different 

routes. Some users have experienced direct trip from their origin to destination, while others have 

experienced indirect trip with transfers.  

For the unimodal Dial-a-Ride service, an exact formulation for the DARP including both 

operator’s and passengers’ perspectives were presented. The results show that considering the 

passengers’ perspective in the design objectives has improved the service quality and social 

benefits without increasing the operating costs of the service, indicating a balance between 

operator’s benefits and users’ needs. In addition, decreasing the average waiting times and the 

excess of travel time between actual travel times and direct travel times. Also, increasing maximum 

allowable ride time will result in benefits for the operator over the users’ needs. The results show 

also that increasing the time window limits will decrease the operator costs and increase the user 

inconvenience. Also, the time window values represent a trade-off between the operator’s desires 

and the user’s needs. 

In this second group, multimodal services combine the individual of fixed-route bus services 

and the Dial-a-Ride services. I introduce exact formulation for the multimodal service considering 

the accurate design of all services under the stochastic demand. The results show that the 

multimodal service reduces the total cost for the operator, passengers and total travel distances for 

all passengers. Also, a comparison with other researchers’ similar work shows the importance of 

the accurate design of all combined services on the calculated total costs and the optimal 

combination of the services. I believe that introducing the multimodal service can help the local 

authorities to maintain running the public transit services and decrease the negative effects of low 

passenger loads.  

Finally, the last group contains the integrated transit services. I used two concepts for 

integrating the flexible services with the fixed-route services. The first one is the operational 

concept where only the flexible service is design with a given fixed-route. The aim was to design 

the DAR service and determine the vehicle itineraries and schedules where part of the passengers’ 

trips can be carried by the existing fixed-route service. The design model differs from previous 
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researchers design models as it includes the modeling of the passengers’ transfers as well as the 

in-vehicle travel costs. In addition to, considering the available onboard capacity on the fixed bus 

route service. Due to the problem complexity, a second model was presented after modifying the 

network representation in an attempt to reduce the total number of variables in the model. The 

results for the integrated flexible service with a given fixed-route service show that the second 

model was able to solve a higher number of request compared to the first model. Also, the 

integrated service shows a significant reduction in the total costs compared with the optimal results 

when a DAR service is only provided.  

The second concept for integrating the flexible services with the fixed-route services is the 

design concept where both integrated services are designed. This model includes the accurate 

design of both integrated services as well as modeling of the passengers’ perspectives in term of 

transfers between both integrated services and between different routes for the fixed-route service. 

In addition to, identifying a set of constraints to control the maximum allowable number of 

transfers between the two integrated services. Due to the problem complexity caused by the lower 

problem, i.e. DAR service design, it was difficult to get an optimal solution for the tested network 

within the specified time limits. Another reason is the proposed solution procedure makes the 

required computational time higher as I have to solve the lower problem for many times and to 

solve the whole problem for many iterations to be able to get the optimal combination vector S. 

The work presented in this study represents an attempt to create a whole framework for 

designing the different types of public transit services and introducing several ideas for the 

combination or integration of these services. I believe that this study can help transit operators as 

well as local authorities to enhance the planning methods for public transit services and improve 

their efficiency. In addition to, provide the authorities and transportation agencies useful guidelines 

and evaluation tools to clarify the characteristics of different transit services and the efficient ways 

to provide them and combine or integrate them depending on the demand patterns.    

 

8.2 Future Research  

The limitations of this research require additional research in the future, especially in the topics 

given below. 
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1. The waiting times: it should be included in the design model for the DAR service to 

consider the waiting time costs before picking up the passengers. Also, in the case of 

transferring between different integrated services.   

 

2. Transfers between DAR vehicles: one possible future extension is to consider the 

transferring between the DAR vehicles to reduce the operating costs of the DAR service 

and improve the service quality for the users. However, one issue will rise in selecting the 

transfer mechanism. 

 

3. Passengers’ choice behavior: the design models presented in this study does not consider 

any passenger choice and only consider the passengers’ interests in the design objectives.    

 

4. Solution methods: to overcome the complexity of the design models and be able to solve 

bigger-sized networks new solution methods should be considered such as Branch-and-

Price, Genetic Algorithm, Simulated Annealing, and Artificial Bee Colony. 
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Appendix 

 

 

I present here the detailed calculations for the Gini index using Equation 5.41 for different 

optimal solutions presented in Chapter 5 using the absolute difference and the relative increase for 

the travel time of travelers.  
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Table A.1. Detailed Calculations of Gini Index for the Multimodal Service Using the Travel Time Absolute Differences 

OD Pair OD Demand Mode 
Travel Time  Proportions Cumulative 

Subtract X Summation Y Product 
Direct Actual Difference X Y X Y 

6-9 37 Bus 4 4 0 0.041 0.000 0.041 0.000 0.041 0.000 0.000 

6-9 8 DAR 4 4 0 0.009 0.000 0.049 0.000 0.009 0.000 0.000 

7-11 32 DAR 11 11 0 0.035 0.000 0.084 0.000 0.035 0.000 0.000 

11-1 50 Bus 10 10 0 0.055 0.000 0.139 0.000 0.055 0.000 0.000 

4-8 90 Bus 12 12 0 0.099 0.000 0.238 0.000 0.099 0.000 0.000 

4-8 1 DAR 12 12 0 0.001 0.000 0.239 0.000 0.001 0.000 0.000 

5-7 110 Bus 13 13 0 0.121 0.000 0.360 0.000 0.121 0.000 0.000 

9-2 117 Bus 12 12 0 0.129 0.000 0.489 0.000 0.129 0.000 0.000 

1-5 119 Bus 13 14 1 0.131 0.026 0.620 0.026 0.131 0.026 0.003 

1-5 2 DAR 13 14 1 0.002 0.026 0.622 0.051 0.002 0.077 0.000 

8-6 40 Bus 7 9 2 0.044 0.051 0.666 0.103 0.044 0.154 0.007 

2-4 90 Bus 12 14 2 0.099 0.051 0.765 0.154 0.099 0.256 0.025 

9-2 3 DAR 12 14 2 0.003 0.051 0.768 0.205 0.003 0.359 0.001 

7-11 165 Bus 11 16 5 0.181 0.128 0.949 0.333 0.181 0.538 0.098 

7-11 3 DAR 11 16 5 0.003 0.128 0.953 0.462 0.003 0.795 0.003 

1-5 29 Bus 13 19 6 0.032 0.154 0.984 0.615 0.032 1.077 0.034 

4-8 9 Bus 12 19 7 0.010 0.179 0.994 0.795 0.010 1.410 0.014 

6-9 5 DAR 4 12 8 0.005 0.205 1.000 1.000 0.005 1.795 0.010 

  910       39.000 1.000 1.000         0.195 

            Gini Index 0.805 
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Table A.2. Detailed Calculations of Gini Index for the Bus Only Service Using the Travel Time Absolute Differences 

OD Pair OD Demand Mode 
Travel Time  Proportions Cumulative 

Subtract X Summation Y Product 
Direct Actual Difference X Y X Y 

6-9 50 Bus 4 4 0 0.055 0.000 0.055 0.000 0.055 0.000 0.000 

8-6 40 Bus 7 7 0 0.044 0.000 0.099 0.000 0.044 0.000 0.000 

11-1 50 Bus 10 10 0 0.055 0.000 0.154 0.000 0.055 0.000 0.000 

4-8 10 Bus 12 12 0 0.011 0.000 0.165 0.000 0.011 0.000 0.000 

9-2 120 Bus 12 14 2 0.132 0.033 0.297 0.033 0.132 0.033 0.004 

1-5 40 Bus 13 17 4 0.044 0.066 0.341 0.098 0.044 0.131 0.006 

2-4 90 Bus 12 16 4 0.099 0.066 0.440 0.164 0.099 0.262 0.026 

7-11 90 Bus 11 16 5 0.099 0.082 0.538 0.246 0.099 0.410 0.041 

4-8 90 Bus 12 18 6 0.099 0.098 0.637 0.344 0.099 0.590 0.058 

1-5 20 Bus 13 20 7 0.022 0.115 0.659 0.459 0.022 0.803 0.018 

5-7 110 Bus 13 23 10 0.121 0.164 0.780 0.623 0.121 1.082 0.131 

7-11 110 Bus 11 21 10 0.121 0.164 0.901 0.787 0.121 1.410 0.170 

1-5 90 Bus 13 26 13 0.099 0.213 1.000 1.000 0.099 1.787 0.177 

 910    61 1.000 1.000     0.631 

           Gini Index 0.369 
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Table A.3. Detailed Calculations of Gini Index for An and Lo Model Using the Travel Time Absolute Differences 

OD Pair OD Demand Mode 
Travel Time  Proportions Cumulative 

Subtract X Summation Y Product 
Direct Actual Difference X Y X Y 

6-9 50 DAR 4 4 0 0.055 0.000 0.055 0.000 0.055 0.000 0.000 

8-6 40 DAR 7 7 0 0.044 0.000 0.099 0.000 0.044 0.000 0.000 

7-11 152 Bus 11 11 0 0.167 0.000 0.266 0.000 0.167 0.000 0.000 

7-11 48 DAR 11 11 0 0.053 0.000 0.319 0.000 0.053 0.000 0.000 

1-5 1 DAR 13 13 0 0.001 0.000 0.320 0.000 0.001 0.000 0.000 

4-8 90 Bus 12 12 0 0.099 0.000 0.419 0.000 0.099 0.000 0.000 

4-8 10 DAR 12 12 0 0.011 0.000 0.430 0.000 0.011 0.000 0.000 

9-2 54 Bus 12 12 0 0.059 0.000 0.489 0.000 0.059 0.000 0.000 

2-4 90 Bus 12 13 1 0.099 0.048 0.588 0.048 0.099 0.048 0.005 

1-5 54 Bus 13 14 1 0.059 0.048 0.647 0.095 0.059 0.143 0.008 

11-1 50 Bus 10 11 1 0.055 0.048 0.702 0.143 0.055 0.238 0.013 

5-7 110 Bus 13 14 1 0.121 0.048 0.823 0.190 0.121 0.333 0.040 

9-2 32 DAR 12 14 2 0.035 0.095 0.858 0.286 0.035 0.476 0.017 

1-5 95 Bus 13 20 7 0.104 0.333 0.963 0.619 0.104 0.905 0.094 

9-2 34 Bus 12 20 8 0.037 0.381 1.000 1.000 0.037 1.619 0.060 

 910    21.000 1.000 1.000     0.238 

           Gini Index 0.762 
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Table A.4. Detailed Calculations of Gini Index for the Multimodal Service Using the Travel Time Relative Increase 

OD Pair OD Demand Mode 
Travel Time  Proportions Cumulative 

Subtract X Summation Y Product 
Direct Actual Relative X Y X Y 

6-9 37 Bus 4 4 0.000 0.041 0.000 0.041 0.000 0.041 0.000 0.000 

6-9 8 DAR 4 4 0.000 0.009 0.000 0.049 0.000 0.009 0.000 0.000 

7-11 32 DAR 11 11 0.000 0.035 0.000 0.085 0.000 0.035 0.000 0.000 

11-1 50 Bus 10 10 0.000 0.055 0.000 0.140 0.000 0.055 0.000 0.000 

4-8 90 Bus 12 12 0.000 0.099 0.000 0.238 0.000 0.099 0.000 0.000 

4-8 1 DAR 12 12 0.000 0.001 0.000 0.240 0.000 0.001 0.000 0.000 

5-7 110 Bus 13 13 0.000 0.121 0.000 0.360 0.000 0.121 0.000 0.000 

9-2 117 Bus 12 12 0.000 0.129 0.000 0.489 0.000 0.129 0.000 0.000 

1-5 119 Bus 13 14 0.077 0.131 0.016 0.620 0.016 0.131 0.016 0.002 

1-5 2 DAR 13 14 0.077 0.002 0.016 0.622 0.033 0.002 0.049 0.000 

8-6 40 Bus 7 9 0.286 0.044 0.060 0.666 0.093 0.044 0.126 0.006 

2-4 90 Bus 12 14 0.167 0.099 0.035 0.765 0.128 0.099 0.221 0.022 

9-2 3 DAR 12 14 0.167 0.003 0.035 0.768 0.164 0.003 0.292 0.001 

7-11 165 Bus 11 16 0.455 0.181 0.096 0.949 0.260 0.181 0.423 0.077 

7-11 3 DAR 11 16 0.455 0.003 0.096 0.953 0.356 0.003 0.616 0.002 

1-5 29 Bus 13 19 0.462 0.032 0.098 0.985 0.453 0.032 0.809 0.026 

4-8 9 Bus 12 19 0.583 0.010 0.123 0.995 0.577 0.010 1.030 0.010 

6-9 5 DAR 4 12 2.000 0.005 0.423 1.000 1.000 0.005 1.577 0.009 

 910    4.727 1.000 1.000     0.154 

           Gini Index 0.846 
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Table A.5. Detailed Calculations of Gini Index for the Bus Only Service Using the Travel Time Relative Increase 

OD Pair OD Demand Mode 
Travel Time  Proportions Cumulative 

Subtract X Summation Y Product 
Direct Actual Relative X Y X Y 

6-9 50 Bus 4 4 0.000 0.055 0.000 0.055 0.000 0.055 0.000 0.000 

8-6 40 Bus 7 7 0.000 0.044 0.000 0.099 0.000 0.044 0.000 0.000 

11-1 50 Bus 10 10 0.000 0.055 0.000 0.154 0.000 0.055 0.000 0.000 

4-8 10 Bus 12 12 0.000 0.011 0.000 0.165 0.000 0.011 0.000 0.000 

9-2 120 Bus 12 14 0.167 0.132 0.033 0.297 0.033 0.132 0.033 0.004 

1-5 40 Bus 13 17 0.308 0.044 0.062 0.341 0.095 0.044 0.129 0.006 

2-4 90 Bus 12 16 0.333 0.099 0.067 0.440 0.162 0.099 0.257 0.025 

7-11 90 Bus 11 16 0.455 0.099 0.091 0.538 0.254 0.099 0.416 0.041 

4-8 90 Bus 12 18 0.500 0.099 0.100 0.637 0.354 0.099 0.607 0.060 

1-5 20 Bus 13 20 0.538 0.022 0.108 0.659 0.462 0.022 0.816 0.018 

5-7 110 Bus 13 23 0.769 0.121 0.154 0.780 0.617 0.121 1.079 0.130 

7-11 110 Bus 11 21 0.909 0.121 0.183 0.901 0.799 0.121 1.416 0.171 

1-5 90 Bus 13 26 1.000 0.099 0.201 1.000 1.000 0.099 1.799 0.178 

 910    4.979 1.000 1.000     0.634 

           Gini Index 0.366 
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Table A.6. Detailed Calculations of Gini Index for An and Lo Model Using the Travel Time Relative Increase 

OD Pair OD Demand Mode 
Travel Time  Proportions Cumulative 

Subtract X Summation Y Product 
Direct Actual Relative X Y X Y 

6-9 50 DAR 4 4 0.000 0.055 0.000 0.055 0.000 0.055 0.000 0.000 

8-6 40 DAR 7 7 0.000 0.044 0.000 0.099 0.000 0.044 0.000 0.000 

7-11 152 Bus 11 11 0.000 0.167 0.000 0.266 0.000 0.167 0.000 0.000 

7-11 48 DAR 11 11 0.000 0.053 0.000 0.319 0.000 0.053 0.000 0.000 

1-5 1 DAR 13 13 0.000 0.001 0.000 0.320 0.000 0.001 0.000 0.000 

4-8 90 Bus 12 12 0.000 0.099 0.000 0.419 0.000 0.099 0.000 0.000 

4-8 10 DAR 12 12 0.000 0.011 0.000 0.430 0.000 0.011 0.000 0.000 

9-2 54 Bus 12 12 0.000 0.059 0.000 0.489 0.000 0.059 0.000 0.000 

1-5 54 Bus 13 14 0.077 0.059 0.045 0.548 0.045 0.059 0.045 0.003 

5-7 110 Bus 13 14 0.077 0.121 0.045 0.669 0.090 0.121 0.135 0.016 

2-4 90 Bus 12 13 0.083 0.099 0.049 0.768 0.139 0.099 0.229 0.023 

11-1 50 Bus 10 11 0.100 0.055 0.059 0.823 0.197 0.055 0.336 0.018 

9-2 32 DAR 12 14 0.167 0.035 0.098 0.858 0.295 0.035 0.492 0.017 

1-5 95 Bus 13 20 0.538 0.104 0.315 0.963 0.610 0.104 0.905 0.094 

9-2 34 Bus 12 20 0.667 0.037 0.390 1.000 1.000 0.037 1.610 0.060 

 910    1.709 1.000 1.000     0.232 

           Gini Index 0.768 

 

 


