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On the Galois cohomology groups of algebraic
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§1. INTRODUCTION

Let k be an algebraic number field of finite degree and K a finite Galois exten-
sion of & with Galois group ®. It is wellknown as the generalization of Hasse’s norm
theorem that, if we denote by N(k) the subgroup of the multiplicative group k™ of &
consisting of elements which are local norm from K at every places of £, then the
group ]—\}Zk)/NK/kKX is isomorphic to a factor group of ?1_3(@5, 7).

The purpose of the present paper is to generalize this theorem to the case of an
algebraic torus T defined over k which splits over K.

§2. Garots CoHomorogy oF ToRI

2.1 Let Tk be the group of K-rational points of T and T. the adele group of T
over K. We denote by X=Hom(G., T) the set of morphisms of G.into T defined
over K and which are also group homomorphisms, where G. is the multiplicative
group of universal domain. We let ® operate on X by the rule (s.f) (s.0=s(f(8) ) for
s € ® fe X and t € T Then itis wellknown that Tx = X ® K*and T, =X ® Jk
as ®-modules, where Jx is the idele group of K. Denoting by Cx=Jx/K* the idele
class group of K, we have the exact sequence of ®-modules since X is Z-free; o —
X® KX—> X ® Jx—X ® Cx—> 0 and hence we can identify X ® Ck with
Ta/ Tk as ®-modules. Putting Ck(T) =Tay/ Tx, we call Cx(T) the adele class group of T
over K. Then the cup multiplication by the canonical class of Jid (®, Cx) induces an
isomorphism A" (®, C) = A"**(®, Cx(T)) for every integers n (5.

Analogous result in the local field is the following. Let P be a place in & and P
a place over ¥ in K. We denote by kvand Ky the completions of & and K by the
places, respectively, and by ®y the Galois group of Ky/kw Then the group Tk, of Ky-
rational points of T is 1somorphlc to X ® K§ as Oy-module and the cup multiplication
by the canonical class ag of B By, K&) induces an isomorphism Gy, X) ZH* (B,
Txy) for every integers n (3).

2.2 J.Tate showed the following results in [9). Let Y be the free abelian
group generated by the places § of K. An element s € ® operates on Y by the rule

S(sz nyP) :ZBH\B(SEB). We denote by W the kernel of surjective ®-homomorphism
Y — Z defined by Zz:s P — Zan Then the cup multiplication by the canoni-

cal classes oy € Jig (®, Hom(Z, Cx)), @ € Jig (®, Hom(Y, Jy)) and s € k [:12(@5,
Hom (W, K™)) gives isomorphisms
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A X ® 2) =0 (g, X ® Cy),

B X ® NZil*@, X ® J,

A, X ® WA+ (s, X ® K
moreover there exists a commutative diagram with exact rows:

---—»ﬁ"(@,X@W)—»ﬁ"(@,}I’@Y) — B (@, X ® 2)—> oo
) !
s BB, X @ KN A, X ® J)— B, X @ Co— o+

2.3 We recall the semi-local theory which occurs often in the present paper. Let
H be a subgroup of a finite group G and G =% gH a left coset decomposition.  Let
J .
A be a G-module, B an H-module and A<—— B a pair of H-homomorphisms such
i
that j°i is the identity on B and A=))] gi(B), direct sum. Then for any G-module M,

we have an isomorphism

M A;Z}M@ gi(B)

=2s(1® )M ® B

and the two maps

(1® jires
cor(l1 ® i)

are mutually inverse isomorphisms, where “res” denotes restriction map and “cor”

A

H (G M ® A

A (HM ® B)

denotes corestriction map.

24 If © is a finite set of places ¥ in %, we also denote by the same symbol &
the set of the places B of K which divide some place ¥ € &. Putting

Tig=II Txy X I Toy, the adele group Ta,of Tis defined as the inductive limit of T relative
LeeS reg

to &, where Teqg=X ® Uyis the unit group of Ky. Since Ty =X & K$, we have T§,

=f€IF (ITX® K X uI;I (IIx ® U,). For each B of K, we denote by iv: Kj—Jk
YES Wy L

the canonical ®y-injection which maps a non zero element of Ky onto the idele having

that element as B-component and having 1 as components at all places other than B.

Since ®, &, II K¥ (resp. I My), and K(resp. 1) satisfy the conditions of semi-
Rip Blo

local theory, we have

H@®, X QI K)=H (G, X ® K),

Blv
H(®, X QI Uy)ZA (G, X ® 1)
Rlv
for any fixed prime ¥ dividing p. Since Uy is cohomologically trivial if Ky is unram-
ified over kv, X ® Uy is also cohomologically trivial by the theory of local fields.
Therefore, if our set © contains all places P of & which ramify in K, we have
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(S, TS)=1 A", JTs)

vE S

=0 H' Oy, Ty
vEE
Passing to the inductive limit over sufficiently large €, we have

A (8, TY= lim B"(©, T3)

= 2 i (G, TK1=)-
Therefore we have the following
Proposition 1. ° ®, T_-\K);Z{“ i (O, Tky) for every integers n.
2.5 Putting ¥, =\§'Z$, we have Y=2 Y. (direct) as ®-module. Accordingly

v

we have X ® Y=2 (X ® V,) as G-module. For each place ¥ of K, we define a

®y-homomorphism i%y: Z — Y by is(n) =aR. Since &, Oy, Y., and ZY satisfy the
the conditions of semi-local theory, we have

G, x® N "G, XQ VY,
=3 (s, X).
Therefore we have the following
ProposiTion 2. H" (G, X ® V) =Z{: Jag (Gw, X) for every integers n.
2.6 Using these propositions, we have the following

Prorosition 3. The following diagram is commutative:

~ 1 A~
Zu H" (@1&, X) — [{"(@’ X & Y)
12 Uago i an,
X HE (O, Try) = H*2(®, Tay

Proor. The top horizontal isomorphism i’ is induced by the maps
]f[n((%’ X M [f]n((sj, X® Y,
and the bottom horizontal isomorphism i is induced by the maps
~ 1 i)
A Gy, Trg) L2 ), poe ) 1,0,
By the fundamental relation between corestriction and cup product, we have
& Ulco(l ® iv) &) =corlres & U(1® is) &)
=cor(jy * res azU & = cor(ivew U &)
=cor{l ® ix)(ex U &),

where £ € ik (®g, X), and j¥is the projection Hom(Y, X) —> X defined by JoCH)
=f(B) for B € &. Therefore we have our proposition.

(*) By Tate’s paper (8), j has the property jw(res a) =iw ay.
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§3. Hasse's Norm THEOREM of Tori

We consider the following exact sequence of G-modules
0 — Ty = T, 1> Ci(T)— 0

Passing to cohomology groups, we have the exact sequence
v (71O, T~ AT, Ty ) BN, Ca(T)
— B (O, T 5 A (©, TS B O, CuT) — e
ProrosiTion 4. The following diagram is commutative »

3

¥

% B (G, X % B (G, T —— H72(O, Ty)

i B
B, 0 Ua, A2 (8, Co(T))

Proor. By virtue of Tate’s commutative diagram 2.2 and proposition 3, we have
the following commutative diagram

56 S B Gy, ) ——— BO, X8 1) —— 0, X
J,‘Z; ai‘ lUQ’z j* anl
Z;‘ ﬁnz (@5l, TK%) — = 5 fnt2 (®, TAK) 5 If1n+2 &, Cx(T))

This proves the proposition

Denote by N(T)=T, ™ (>N, /kTx,)the subgroup of T: consisting of elements
which are local norm from Tk at every places of k, where Ti is the group of k-ra-
tional points of 7. Then, as our main result, we have the generalization of Hasse's
norm theorem to the case of an algebraic torus.

TrEOREM. Let F' be the subgroup of a3 (®, X) generated by 5%(}{_3 (&g, X)) for
every Y.  Then we have an isomorphism

N(T)/Ng: Tx=H*(®, X)/F.
Proor. By virtue of proposition 4, we have
N(T)/ Ny Tx = Ker(i *)
SH®, C(T) /i E O, Ta))
=A(®, X)/F.
CoroLLarY ((51). If K/ k is cyclic extension, we have N(T)=Ng: Tx.

Proor. By virtue of Kneser’s paper (3], there is, for every integers n, a ca-
nonical injection

B(S, T) —— 3 f(Gs, Ty,).

Therefore we have Ker(i* =0 by proposition 1.
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§4. AppuicaTion To Non—GaLois ExTENSIONS

In this section, we give Hasse’s norm theorem to the case of non-Galois exten-
sions using above commutative diagram for Tasaka’s special tori(8].

4.1 Let L be a separable extension of £ and K a finite Galois extension of %

containing L. We denote by @ and $ the Galois group of K/k and K/L, respective-
ly. Let@=§/ gD be a left coset decomposition. We consider the following left ®-modules

A=Z(8/$), R=A/Zu,
where Z (8/9)1=3 Za, a=g®9, and u=), a. To the Z-free ®-module R, there is

a
a corresponding torus T which the module R is the character module Hom (T, Gn.).
Then T.Tasaka (8] proved the following isomorphisms

A (®, T«)= k*/Nuw L¥,
B (©, Ta)=Ju/Nuw e,

where Ji and J. are the idele groups of k and L, respectively.
Now we consider the exact sequence of ®-modules:
i J
0 ——Ta ‘L“’TAK—’ Cx(T) —— 0

Passing to cohomology groups, we obtain the following exact sequence:
s % .

oo B0, Th) L B(O, Cu(T) — B (O, T,) ——
I:Il(@, TAK)—""

By virtue of the commutative diagram of proposition 4 and above isomorphisms, we
have the following

Tueorem. Let N(k) be the subgroup of the multiplicative group k> of k consisting
of elements which are local norm from L at every places of k. Then we have an iso-
morphism

N /Ny L*=H7%(6, X)/F.
where F denotes the subgroup of H 2(®, X)generated by &x (A% (8y, X)) for every V.

4.2 Using above theorem, we give an example such that Hasse’s norm theorem is
valid (8]. Let L be a separable non-cyclic cubic extension of k, and ® = {¢° =

=1, 7' 0 v=0%} the Galois group of the Galois extension K/k. We consider a
two-dimensional torus

T:{t € R (Gn) 'tl+a+a*=1’ t’zt},

where Rk« (Gn) donotes the algebraic group defined over k obtained by restricting the

field of definition K to k. By ([10), we have H2(8, X) = 0, and hence we obtain
Hasse’s norm theorem for L/k.
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